Algebra 2 Chapter 3: Functions

Chapter 3: Functions

3-1 What is a Function?

Relation: - an equation that explains how one variable (input x) can turn into another variable (output y).

Independent (Manipulated) Variable: - a variable that you change in a situation to cause an effect.
- label on the x-axis (horizontal axis).

Dependent (Responding) Variable: - a variable that you measure because of the changes you caused with
the manipulated variable.
- label on the y-axis (vertical axis).

y Title
1 For any graph, there should be proper labeling on:
] a. Title (usually y vs. x)
Dependent — b. The name of the variables on the axis and their units.
Variable _| c. Proper intervals scaling.
d. If there are two overlapping graphs on the same grid,
o a clear legend must be indicated.
T 1T
Independent Variable

Creating a Scenario to Match a Graph

Example 1: Jane drives to the shopping mall from her house. Using the graph, write a scenario that would
describe her travel.

4  Jane goes to the mall A. Jane Left her house and drove at 15 mi/h
30 _ (playground zone) for the first 10 minutes.

Speed ] C B. She stopped at the stop sign briefly.
(mi/h) — C. Jane drove at 25 mi/h (residential zone) for 15

minutes.

] D. She entered the parking lot of the mall and spent 5
D minutes looking for a parking spot (5 mi/h).

E E. Jane parked and stopped.

Time (min)
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Chapter 3: Functions Algebra 2

Common Shapes of Different Graphs
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Creating a Graph to Illustrate a Scenario

Example 2: Imagine a mass attached to a spring. It occupies a position at rest above a level surface. If the
mass is pulled down and then released, it will move up and down. Sketch the graph to
represent the relationship between the height of the mass above the surface and the time after

1ts release.

MASS

Pull Down
and Release

v
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Algebra 2 Chapter 3: Functions

Function: - a special relation that must satisfy the following twe conditions:

a. The graph is continuous (no break unless already stated).

b. For each input, there is only one unique output — known as “one-to-one” or Vertical Line Test.
(Vertical Line Test — If a vertical line moves from left to right of the graph and it did not
cross the graph at two different points, then we can say the graph passed the vertical line
test or “one-to-one”).

Example 3: State whether each of the graphs below is a function. Provide reasons.

g P {:

Function: Continuous NOT a Function: Function (at each branch): NOT a Function:
and pass Vertical Line ~ Does NOT pass Continuous and pass Does NOT pass
Vertical Line Test Vertical Line Test Vertical Line Test

Function Notation: - a way to express an equation to denote that it is a function (satisfies requirements of
continuity and vertical line test).
- instead of writing y, we can write f(x) and we can say “Function f of x” or “fas a
function of x”. Other letters and variables can be used, such as g(¢) or A(r).
- a number can be put in to replace x in f(x) for the purpose of substitution.

Domain Range B
y=fx)
/\
-3 1-3) fix) is NOT £ x x or f multiplies x
a > fla)
X S X — f y
~ (input) (output)
Arrow diagram of ' .
function f Machine d}agram
' of function f

Domain: - all possible numbers in a set that is allowed to input into function f.
- in many ways, it is similar to list the restrictions of an expression.

Examples: f(x) = 1 has a domain of x # 0 (cannot divide by 0).
X
fx)= Jx has a domain of x>0 (cannot take a square root of a negative number).

Range: - all possible numbers in a set that would be the output of function f.

Examples: f(x) = 1 has a range of f(x) # 0 (1 divided by anything cannot result in a zero).
X

flx)= Jx has a domain of f(x) > 0 (there are no negative results from a square root operation).
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Algebra 2

Example 4: Given f(x) = %xz — 3, set up a table of values for x =

domain and range.

a. Evaluate f(8). b. Find x when f{x) = 159. c. Evaluate fla). d. Evaluate f(2n —1).
Sx)
X fx) From the graph, we can see that there
3| W3y -3= 3 \ / is no restriction on x.(x values can be
, 2 \ : / all positive and negative numbers).
2| (-2 -3=-1 ‘ Hence, Domain is x € R.
5 3
1| WB(=1)P-3=-= : There is a minimum value where y
O 1/ 0 2 3 - _32 EREEEERERE \\2 19 2// 6 1 8 § 10 cannot be bGIOW _3. Therefore, the
o )2 = . \i / Range is f{x) > 3.
1 (1) —3= = .
2 | wBR)Y-3=-1
3| %ByY-3= %
Table of Values: 2nd
a. Algebralcall!: GraEhicall!: GRAPH TRACE FEET
f(x) 1/2)6 - f;otailﬂitﬁzﬂ%ﬁ R PR % éi5 TABLE
_ A | & - £ 8.t
£(8) = %(8) 3 s / Type 8 S GRAPH
i i
N ENTER o
o= t=8 =28
Functions: (after entering function in Y, of the screen)
VARS SelecF LOVELES Select Option 1: Y; Type in (8) and press
by using

-3 to x = 3. Graph f (x) and state its

HES

0

%

020

29

FLRCL10m, !
FF’ar*ametr*m\ 3 .T.i
S:Polar . d1y
2 On-Of f « Select Option  |5:ys
1: Function  [Fibf
b. flx)=Yax’— fix)=159 c. fix) = 1/z)c - d. fx)=Vax* =3
159 = l/z.x —3 fla) = Ya(a)* — 3 f2n—-1)=%2n-1y*-3
159 +3 = 1/2x f2n—1)="(4n* —4n+1)-3
2(162) =x° fn-1)=2n"-2n+%-3
f(2n-1)=2n*-2n- >
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Algebra 2 Chapter 3: Functions

Example 5: Find the domain of the functions below. Graph to verify.

! fr)
a. firy=—— Flotl Flotz Flots
’—r—6 LA
wMr=
xﬂgf
The denominator cannot be zero. es
“MNE=
Ya=
P—r—6%0 mLEs
r—3)r+2)=0

r—320 and r+2=0 r

b. g=~t-25

g()

The radicand of a square root must be zero or greater.
Flotl Flekz Flob: \\ //
£-25>0 SY1BICHE-25) N\ /
(t=5)(r+5)20 s \\
t=5 and ¢ = —5 (boundary points) =452 \ A /
~Ye= \ /
Using a number line and a table to evaluate regions.
< i i > !
-5 5
=5 ]| (¢+5 | =5@+5)
t<-5 - - +
—5<it<5 - + —
t>5 + + +
@ {t|t<-Sort=5} or (—oo,—5]uU [5,x)
X h(x)
c. h(x)= e \E?Exﬁﬁcmﬁn
M?gz
~Mly=
N : l
S ik 4 /
The denominator cannot be zero and its radicand must /
be zero or greater. — radicand in the denominator must 8 S A T A T r .
be greater than zero. T
4—-x>0
—x>—4
x<4
@in: {x|x<4} or (—@
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Chapter 3: Functions Algebra 2

Piecewise Function: - a function that consists of two or more “sub-functions” which are applied at different
domains.

Ax)
. et f(x) x+2 if x<0
xample: X) = -
P 2Vx+4  if x>0 =T
//
When x <0, we follow the first r

“sub-function”, which is x + 2.

When x > 0, we follow the first I REEEEREREZEE *
“sub-function”, which is 2+/x+4 .

) 1-2x ifx<1
Example 6: For the function, f(x)=1 , . , evaluate f(—3), f(1) and f(4).
x =3 ifx>1
When x = —3, it is within the When x = 1, it is within the When x = 4, it is within the
condition x < 1, hence we follow  condition x < 1, hence we follow  condition x > 1, hence we follow
fx)=1-2x fx)=1-2x fx)=x"—3
A=3)=1-2(-3) A =1-2(1) f4) =47 -3

Four Ways to Represent a Function:
Verbal (Words), Algebraic (Function Notation), Visual (Graph), and Numerical (Table of Values)

Example 7: The volume of a sphere can be calculated by 4 mr, where r is its radius. Represent this

function in four different ways.

Verbal: V(r) is the volume in terms of radius r. Visual;!(r)\’olume of a Sphere as a function of Radius

4 " //
Algebraic: V(r) = B T o y
o //
Numerical: r W(r) £ . y
0 unit 0 unit® 3 /
4 . 2 /
1 unit = unit’ B s //
3 180 /'
7
32 . 100 //
2 units ? 7 unit’ - L
] ;
3 units 36n unit3 5 15 225 1'5 3
units

3-1 Assignment: pg. 215-218 #3, 7, 11, 17, 21, 23, 37, 41, 45,47, 55, 61, 62a & b, 67;
Honours: #27, 29, 33, 51, 69, 71
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Algebra 2 Chapter 3: Functions

3-2 Graphs of Functions (Part 1)

Graphing Functions:

1. Note the Restrictions to_Domain and Range.
2. Make a Table of Values. OR
3. Recognize the Type of Functions (powers like quadratic and cubic, root, absolute value, reciprical,
greatest integer, exponential, logarithmic, or trigonometric) and do the necessary Transformation(s).
4. For Piecewise Function, treat it as a combination of multiple “Sub-functions” or Pieces. Remember
to evaluate the Boundary Point(s) of each piece.
5. Verify by using a Graphing Calculator if available.
Example 1: Sketch the graphs of the following functions by making tables of values. State their domains
and ranges.
a. f(x) = x2 and g(x) = —2x2 r;uEiH?otz Floks !
2315 -2He \ f fix
M=
x| fx) | g N \ /
=31 9 -18 vyes \ /
-2 4 -8
= ] > For f(x): \ /
Domain: x € R ‘ i}
0 0 0 Range: fix) >0 I EEEEEEEER/ !
1 1 —2 For g(x): [t
2 4 -8 Domain: x € R I 1T
Range: g(x) <0 | | 8(x
3 9 18 ge: g(x)
\
b. fix)=x and h(x) = - x° 11
. Flotl Flokz Flakz
. QEEQTEMAE . )” i
x| fo | he) s 1
“NE=
3| 27 | -135 NE= ’l
_ _ _ I
2 8 . For f{x): ‘ /
-1 -1 — Domain: x € R I s
0 0 0 Range: f(x) € R /7 ‘
1 1 A For h(x): ” 4
Domain: x € R
2 8 4 R .
ange: h(x) € R }
3] 27 | 135 |
|
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c. fix)= \/; and r(x) =+ —x \:}:EJ—?;E Flakz v
Nt
X Jx) r(x) was
~MNE=
-3 Z J3~1.732 7=
I"(x ﬂx‘
-2 %) V2 ~1.414 For f(x): ~ p————
. T g™
-1 %) 1 Domain: x>0 :
Range: fix) >0 R EEEEEE RN 1
0 0 0
For r(x):
: ! @ Domain: x<0
2 | V2~1.414 %) Range: r(x) =2 0
3 | J3~1.732 %)

d. fix)=x and p(x)= Yx+3 [\Y:NNSMll Select Option 4 iof”

5 HUM CPx"PRE

x fx) px) bhee
3 A A/ P1-:-I:13P1-:-t2 Flokx
3| 3Y—3~-1.442 0 300 BT,
Softane N2
2 | Y-2~-1.259 1 N
wMa= (x) —T—_—-———————
-1 -1 2 ~1.259 , fix
For f(x): Tr- 7_____ ’4____; ! 1
0 0 % ~ 1.442 Domain: x € R
1 1 % ~1.587 Range: f(x) e R
2| 2~1259 | ¥5~1.710 U LAESE
Domain: x € R
31 33~1442 | Y6~1817 Range: p(x) € R

e. flx)y=|x|andg(x)=|x|+3

)

m Select | x
O}I)tion 1

x | fx) g>x)

Flobl Flokz Flatz 2 f(
~MiBabs i) 4

xVaEabsiK}+3

For f(x):

Domain: x € R

Range: f{x) >0

WN| = O | =N W
(=W LY ) B I N S I I SN Y |

For g(x):

Domain: x € R

Range: g(x) >3
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1 1 Flotl Flokz Flok: “F
£ f)=—andgx)=—— —4 AL i IR
~Mly=
x | fiw) g(x) N
-3 — —4.2 o=
21 -y —4.25 IO
Domain: x # 0 )
1 JX)
-1 -1 —4.333 Range: f{x) £ 0 T 9 w
0 | undefined —4.5 For ¢(x):
L X
1 1 -5 Domain: x # 2
Range: g(x) #—4
2 % undefined ge: g(x) #
3 VA -3

Graphing Piecewise Functions:

1. Identify the Boundary of each “Sub-function” or Piece, and find their outputs. Be sure to pay
attention to the inequality symbol of each boundary.

2. Make a table of values of a few points beyond each boundary and graph the function.

7T-(x+2)* ifx<-1

Example 2: Make a table of values and graph the function, f(x) =
2x+4 if x > -1

Since the boundary is at x = —1, we select three points before and after x =—1 for our table of values.

1 Y

x fx)
—4 7—((—4)+2)7>=3 After entering the
-3 7—((-3)+ 2)2 =6 function, (see below)
2| 7-((-2)+2)7*=7 / ) GRAPH
-1 7-(-1)+27*=6 | d 7
0 200)+4 =4 [T 7_11747 I
1 2(H)+4=6
2 22)+4=8 {
Note that since x < —1 is on |
the sub-function, 7 — (x + 2)°, ” D
it is that piece that gets the 3 E
closed circle. 2'1 E
[ ]
To Graph Piecewise Function with a Graphing Calculator. m=-4
Type in Function. Use brackets around each “sub-function” follow by the
MODE RECH BOT boundary in bracket. Between each piece, use an addition sign.
TEEE 51 EnG Flatl Flotz Flots (1° piece)(1*' boundary) + (2" piece)(2"® boundary)
FLOAT IR N BECF=CEEZ2 2 (K . .
IZ/ ST 2T For inequality symbols, W LOGIC
et eI M= 2nd | <%
HORIZ G-T :jﬁ"f %%
ZET CLOCKCERGE AT IR WE= MATH Ji:E
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Greatest Integer Function: - the output is always the previous integer if the input is a decimal number.

f1x) = [x] or | x |or [[x]] or int(x)

Examples:

[[311=3

Graphing Step Function:

; int(—

4)=—4 ;

int(~1.321) = -2

. [[5.782]] =5

- if the input is an integer, the same integer would be the output.

- sometimes refer to as the “floor function” or “step function

; int(0.527)=0 ;

[[0.004]] = -1

Example 3: Graph the step function, f(x) = [[x]] by making a table of values first and then by using a
To Graph Step Function

graphing calculator.

X flx)
=2.5| [[-2.5]1=-3
2 | (2=
-1.5| [[-1.5]]=-2
-1 | [-1y=-1
=0.5| [[-0.5]]=-

0 [([0]]=0
0.5 [[O. 5]] =0

1 [[1]] =

1.5 [[1.5]]=

2 [[2]]=2
2.5 [[2.5]]=2

7

W

7
<7

\J
A4

A4
A\

g

A

\

with a Graphing Calculator:

MODE

2ONECTED (10
SINUL Select
+hic  FetL ~
HORIZ | 6-T DOT
FET CLOC K FRRERTT IR
Fletl Flokz Flotx
Enter W Bint (R
. “Me=
function |-v:=
x$q=
“Me=
Y= “ME=
M=

For int function, Y H:YNS

\J
W/

7

\J

W

HHTHEQEE‘Eﬂﬁ\EEE

2ipoundt

Select

o Op}ion 5

?imaxﬁ

o)

Example 4: A parking garage charges $5 per hour or less than the full hour
up to a daily maximum of four hours. Graph this fee structure

and express it in a function notation.

GRAPH

piecewise as well as a step
function. (Function is different
at various conditions and needs
to round decimal to the next

S[[-¢]] if0<t<

ift>4

t in hrs F(#)in $ 3 Parking Garage Fee This relation will be a

0 ==5[[—(0)]]

0.5 5=-5[[-(0.5)]] . 0@
1 = —5[[—(1)]]

1.5 5[[—(1.5)]] %' 15 O integer.)
2 S[-@n |© _

25 | 15= —5[[ e | 7 O (o= { 20
3 ==5[[-(3)]] R
4 —5[[-(#]]

4.5 20 = —— =,
> 20 Time (hr)

3-2 (Part 1) Assignment: pg. 227-228 #5, 11, 19, 31, 33, 41, 45, 53; Honours: #17, 49, 51

Page 84.
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Algebra 2 Chapter 3: Functions

3-2 Graphs of Functions (Part 2) On a graph, Coordinates (x, y) = (x, f(x))

Example 1: Given the graph below, state its domain and range.

104"

&

f N 1)
., /’\\ Range

Domain: -5<x<8

/ Min to Max
P \ ( y) Range: 0 <f(x)<7
~ >
Diomain
Mirjto Max x)

B

-10

Example 2: Given the graphs of the functions, f(x) and g(x) below, find the following.

uass, 9\ 1 a A7) b g(-4)~fi-4)
5 When x =7, - Whenx=-4, g(—-4)=10
QURE (i EA rem A = When x =4, fi-4)=2
: 4,2 Note: (7, (7)) = (7, —6)
(—7; 4\ ( ’/L £\ — — {{— — — —
Ul e \X N® S
 EEEEY EEENEEEAERNEE V] c. all x when f{x) = g(x) d. all x when f{x) > g(x)
/ \\// \ \
/ N PR \ \ flx) = g(x) happens when f{x) > g(x) happens when
/ 4 LLJU7D) \ the two graphs intersect fx) is higher than g(x).
/ ’ Nl \ \ (sharing the same y).
/ 1 f(x) > g(x) when
. 1

Equations that are not Functions:

e  When the output, y, has an Even Exponent or y, is in an Absolute Value bracket.

e Because in both cases, Solving for y will Generate TWO Solutions (i\/; or ty) for any one
particular x.

Example 3: Determine if the following equations are functions algebraically. Graph the results to verify.

a. 3|y|=6x—15 b. 4= 9x*+25
Flotl Flokz Flotx
. Flakl Flokz Flatx D)
1yl 6x—15 Domain: 2x—5>0 SVHBC2H-5) (252 yz _9x"+25 ;WE“':‘E'H“?EV“
Y= —FF - == a1 VB -l (9HE+ES )
3 (because |y | > 0) 528 (2450 (HES s 4 R

~Nx= “MWr=
IVI=2X =5 pomain: x> 2 N 9x* +25 :35:
ty=2x-5 ) “Me= y =4,
4 \/
Not a function / Not a function

(fails the Vertical Line Test) (fails the Vertical \

Line Test)
Copyrighted by Gabriel Tang B.Ed., B.Sc. Page 85.
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Example 4: Graph the following functions and compare them.

a M=+ g =2 ; h(x)=x" b f)=2"; g@=x" ; hw)=¥

H)g(x

fx
77lr,,47 II
Vi

N

A \ad

ﬁ‘=

Vertices

All Even Power Functions (xz, x4, xﬁ, ed)
are in the shape of a Vertical Parabola.
The higher the power, the more vertically
stretched is the graph, and it is flatter
near the Vertex (parabola’s highest or
lowest point).

) =+x ;5 gn)=4x 5 hex)=Vx

-

Jx)
g(x)
« h(x)

A

All Even Index Root Functions
(&,%,%, ...) are in the shape of
a Half Horizontal Parabola. The
higher the index, the more
horizontally stretched is the graph.

Page 86.

o+ 8(x)

h%(x f(x

All Odd Power Functions (x°, x°, x7, ...)
have an Inflection. The higher the
power, the more vertically stretched is
the graph, and it is flatter near the

Inflection.

d fy=3x; gx)=Vx ; hx)=Vx

Sfx)

7o) SX)

ntlections

All Odd Index Root Functions

(i/;,i/;,l/;, ...) have an Inflection.
The higher the power, the more
horizontally stretched is the graph,
and it is flatter near the Inflection.
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Summary of Types of Functions: (see page 226 of textbook)

Linear Functions f(x)=mx+b

i bféc) fec),
b
- b
fx)=> fix) = mx / fx)=mx+b
Domain: x € R Domain: x € R Domain: x € R

Range: f(x) € R Range: f(x) € R Range: f(x) € R

Power Functions f{x)=x" wheren>1andn e N
fi) hfic), i,

fix) = x* ( fix) = x fix)= x* fix) = X

Domain: x e R Domain: x e R Domain: x e R Domain: x e R
Range: f(x) > 0 Range: f(x) € R Range: f(x) > 0 Range: f(x) € R

Root Functions f{x) = #/x wheren>2andneN

hftc) hfix) i o)
: . — s
fix) =Vx fx)=¥Vx fx)=4x fix)=3/x
Domain: x>0 Domain: x € R Domain: x>0 Domain: x € R

Range: f(x) >0 Range: f(x) € R Range: f{x) > 0 Range: fix) € R

Reciprocal Functions f(x) = in wheren e N
X
‘(x) ,‘ () ‘f( J ‘fﬂL
—\ 1 1 1 "1
fx)=— fx)=— Wﬂx)=—3 fx)=—
x X X X

Domain: x # 0 Domain: x # 0 Domain: x # 0 Domain: x # 0
Range: fix) #0 Range: fix) >0 Range: fix) #0 Range: f(x) >0

Absolute Value Functions Greatest Integer Functions
k)

i)

==
=
==
O}

x x

3-2 (Part 2) Assignment:
fx)=|x| e | 1) = [Ix]] or int(x) pg. 228-230 #23, 25, 55, 57,

. . 59, 61, 63, 67, 70, 83, 85;
Domain: x € R Domain: x € R H . #81. 82. 94
Range: fix) > 0 Range: f(x) € I onours: #51, 64,
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3-3 Increasing and Decreasing Functions; Average Rate of Change

Increasing Function: - the interval of the function where the Slope over the interval is Positive.

Decreasing Function: - the interval of the function where the Slope over the interval is Negative.

Sx)
A s
:
1
Positive i !
1
Slopes ! !
1 / :
: 07 -
1 1
1 1 !
1 1 !
1 1 !
| 1 1 ' 1 > : > x
I : X L a b a b
a b c d Increasing Functions Decreasing Functions

Positive Slopes (m > 0) when x is [a, b) and (c,d] When fla) <fib)ifa<b When fla) > f(b)ifa<b

Negative Slopes (m <0) atb<x<c f(®)- £(a) ~0 f(6)-f(a) <0
b-a

Zero Slopes atx=bandx=c Slope: 5 Slope:
-a

Example 1: Given the graph of a function below, determine the intervals on which the function is

s a. increasing.
S Positive Slopes at
! \ [-8, —3) and (1, 6)
V4 N\ z /V \
4 % p4 —8<x<-3and1<x<6
.4 /
: \
/{ x
-0-9-p-F6-5-4-3-2-10 12 3 4 7 10 b. decreasing.
? : \ Negative Slopes at
y \
1 (-3, 1) and (6, 9)
5 O
g —-3<x<land 6<x<9
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Example 2: Using a graphing calculator, graph fix) = —x’ — 3x* + 4x + 5 To the nearest hundredth, state
the intervals on which the function is increasing, and on which the function is decreasing.

Find Local Minimum Find Local Maximum
GRAPH .. .
(run minimum) (run maximum) - g0 the Jocal min and max, we can

see that f(x) is

\ "Ilnl\ \ "Ilnl\ \ "II‘I\ increasing at —2.53 <x < 0.53
U \ mnimumy \ MMMU \ ecreasing at x <—2.53 and x > 0.5
W= EEPEdE 1Y=-EA2EYEL W= FePeEas 1Y=E.1eB451L

Sb)

Average Rate of Change: - the slope of the secant line between two given inputs of the a function.

Sx)
A

i Secant Average Rate of Change =m = %
Ling -~ " /!
- I —
| # Ay =f1b) —fla) | Average Rate of Change = M
1 —a
____________ R
' I It is the slope of the secant line between
! : the points (a, fla)) and (b, f(b))
| :
a b

Example 3: From the graph of a function below, find the average rate of change between x = —5 and x = 4.

\ ; /
\ 7 Average Rate of Change = M
6 —a
\ 5 / between the points (—5, 3) and (4, —6).
=5, 3) * .
\" : / Average Rate of Change = 6-3)_ -9
N x @-(-5 9
1033?—3—3——3—2‘—£ 123 46 10
\\ 2 / @e Rate of Chan@
NN
‘\ c \ j'
. 4,—0)
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Example 4: Find average rate of change for f{x) = 8 — x* between,

a. x=—4andx=1

fA =84 A=~
AH=8=1) f(l):7
Avg Rate of Change = () f( )
b—a
Avg Rate of Change = () f( )
)—-(-4)

Avg Rate of Change = ﬂ

O—(4) 5

@rage Rate of Change)

b. x=agandx=a-—h

fla)=8—(a)’ fla)=(8—d)
fla—h)=8—(a—hy

fa—h)=8—(a* —2ah + k)
Ra—h)=(8—d*+2ah—I?)

S(b)-1(a) _ fla=h)-f(a)

Avg Rate of Change =
b= (a—h)—(a)
42 L2\ 2
Avg Rate of Change = (8=a" +2qk—h) (8 a )
(a=h)—(a)
_ 42 12 2
Avg Rate of Change = 8—a +2ahh h”—8+a
—_— 2 _
Avg Rate of Change = 2ahh h — h(zil h)

@ge Rate of Change = @

Example 5: The table shows the revenue of an electronic manufacturing company for a period of ten years.

a. Find average rate of change of revenue between 2000 and 2005.
b. For what period(s) of time is the revenue increasing? For what period(s) of time is it decreasing?

Year | Revenue (in $ Millions)
1998 7.23
1999 9.56
2000 12.22
2001 10.86
2002 8.74
2003 15.24
2004 23.18
2005 38.25
2006 51.94
2007 65.35

a. Between 2000 and 2005, revenues are at $12.22 million and
$38.25 million.

(2000, $12.22 million) and (2000, $12.22 million)

$38.25 million — $12.22 million
2005 — 2000

@ate of Change = $5.206 million / year (for 2000-2005)

b. From the table, we can see that revenues increased between
1998 to 2000 and between 2002 to 2007. However, revenues
decreased between 2000 to 2002. Hence,

Avg Rate of Change =

R increased when 1998 <7<2000 and 2002 <r<2007
R decreased when 2000 <7<2002

3-3 Assignment: pg. 239241 #3, 11 (exactly with calc), 15, 17, 21, 25, 31, 33;
Honours: #27, 38, 39

Page 90.
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3-4 Transformations of Functions (Part 1)

Transformation: - a modification of a function or a relation.

Translation: - the transformation of a function or relation that involves simple horizontal and/or vertical
“slide” of the graph. The shape and size of the original graph is not altered.

g)=flx+h)+k

h = amount of horizontal movement h > 0 (move left); 7 <0 (move right)
k = amount of vertical movement k>0 (move up); k£ <0 (move down)
Horizontal Translation Vertical Translation
Suppose /4 is a positive number Suppose k is a positive number
AY 8x) =flx)+k
k units u
}\ / 7
< N >
- ¥ i o X

k units down

v = —
h units left £ units right /\ \/ 8x) =flx) — k

v

Example 1: Describe how the graph of g(x) can be obtained from f{x). Then, verify by graphing both
functions on the gird below.

a. fix)=|x|and gx)=|x—3|+2 b. fix)=x and g(x)= Jx+4 -6
To obtain g(x), we take the graph of f(x), To obtain g(x), we take the graph of f(x),
slide it 3 units right and 2 units up. slide it 4 units left and 6 units down.
1o’ 1o
4 gy =tx—-3|+2 4 1)
3 ——
L, 1 1tsln 4 " o ol
{1/ 2 units % 4 units Teft x
10 7 15210l 123456 1 1 -fo 7656w D 3 & 0
-13 units|right 5
6 units down e emst il
i
AT g =Nx+4—6
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Reflection: - the transformation of a function or relation that involves obtaining a mirror image when it is
flipped along the x-axis or y-axis. The shape and size of the original graph is not altered.

Reflection off the x-axis
8(x) = —fx)
All values of y has to switch signs but
all values of x remain unchanged.

Vertical Reflection (off x-axis)

Y
P

)
£

8(x) =—flx)

!

Reflection off the y-axis
g(x) = fl—x)
All values of x has to switch signs but
all values of y remain unchanged.

Horizontal Reflection (off y-axis)
ny

8(x) = f(=x) Sfix)

AV VA

]V

Stretching and Shrinking: - the transformation of a function or relation that involves multiplying the x- or

but its size is altered.

y-values by a common factor. The shape of the original graph is not altered,

Vertical Stretching and Shrinking
g(x) = af(x)

a is the Vertical Stretch Factor
a > 1 (Stretches Vertically by a factor of a)
0 <a <1 (Shrinks Vertically by a factor of a)

Horizontal Stretching and Shrinking

8(x) = flbx)

b is the Horizontal Stretch Factor
0 <b <1 (Stretches Horizontally by a factor of 1/b)
b >1 (Shrinks Horizontally by a factor of 1/b)

Vertical Stretching and Shrinking
Suppose a is a positive number

Sx)

< > x

Page 92.

Ay g(x) = af(x) when a > 1

’g(x)=af(x) when0<a<1

Horizontal Stretching and Shrinking

Suppose b is a positive number

8(x) = f(bx)

when 0<b<1

i .
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Example 2: The graphs of f{x) and g(x) are given. Find the equation for function g.

a. 1o¥v Note that the y-value has b. i,n"v

97— changed from 3 to —3(3) g = ) = (- 2)°

-] but the x-value has \ \: /1]

61— remained the same. A A 4 ,’

4 o 0 =Vx 0. 4)

ot =TT 1{(9,3) N\ e /

109-8-7-6-54-82-10h123456 ] 14 109-8-7-6-54-8C-10] 193456 ] 14
(2. 0) 2,0)

4 Note that the x-value has changed from 2 to —(2) at

5 AN the vertex but their y-values have remained the same.

? iy It is not a horizontal stretch because otherwise the x-
h M, -9 value of the vertex will be other multiples as well.

¢ * 2(x) Hence, it must be a vertical shrink. Note the y-

intercept has changed from 4 to % (1).

The f(x) graph had reflected off the x- ) )
axis and stretched vertically by a The f(x) graph had reflected off the y-axis and shrinked

factor of 3 to become the graph of g(x). vertically by a factor of 4 to become the graph of g(x).

R

Example 3: Given g(x) and the graph of f{x) below, sketch the graph for g(x). Label any important points

a. g(x)=f—"x) b. gx)=f2x)+3
g (x) =f(_1/1x ) Loy f(x) 1 *"
‘n 4N {}’ )0 X) T AZX) H3
\ Smr iy SR R (3. 6)
\ i/ { \ ’
: / —0,4 AN X)
\ N1 \ ; ®: )
(=6, 1 1. 3,1 THIN .
PR PR ELZPE: 1’ 10 EE NV EET R 4 5 10
—4,0 2, 0) Vil
(4L
X s [ =) i
9 The f(x) graph has to shrink horizontally by
' a factor of 2 and translate up by 3 units to
The f(x) graph has to reflect off the y-axis become the graph of g(x) = f(2x) + 3.

and stretch horizontally by a factor of 2
to become the graph of g(x) = f{—"2x).

(8,4 > (4(-8),d +3) > (-4,7)
(—4,-2) > (2(-4), (-2) +3) > (-2, 1)
(2,0) > (=2(2),0) > (-4,0) (0, 6) > (*4(0), (6) + 3) = (0, 9)

G 1D)—>(23),1) > (6,1) (6, 3) > (*4(6), (3) +3) > (3, 6)
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Example 4: Describe the transformation from f{x) to g(x).

a. g(x)=-2f(x)+3 b. gx)=f-3x—-2) c. gl)="%fix—-5 -1
gx)= -2f(x) + % gx)= f(/;3x —3\) g(x)/='1/2f(x -5 -1
Vertically _ Yertically Horizontally Horizontally Vertically Horizontally Vertically
Reflected off x-axis Translated Reflected off y- Translated Shrunk by a Translated Translated
and Vertically  yp 3 units axis and RIGHT 2 factor of 2 RIGHTS5 DOWN
Stretched by a Horizontally units units 1 unit
factor of 2 Shrunk by a
factor of 3

Example 5: A function f{x) is given, and the indicated transformations have taken place to generate g(x).
From the descriptions given, write the equation for g(x).

a. flx)= x*; shifted right by 4 units, reflected off the x-axis and shrunk horizontally by a factor of 3.

e First, shifted right by 4 units. fx) > fix—4)
e Then, reflected off the x-axis (Vertical Reflection). fix—4) > —f(x—4)
e Finally, shrunk horizontally by a factor of 3 —fix—4) > —f(3x—4)

2(x) =—f(3x — 4) = —(3xD

b. flx) =] x|; reflected off the y-axis, stretched vertically by a factor of 2, and shifted down by 5 units.

e First, reflected off the y-axis (Horizontal Reflection) fix) > f(—x)
e Then, stretched vertically by a factor of 2. Sf(=x) - 2f(—x)
e Finally, shifted down by S units. 2f(—x) > 2f(—x) — 5

@m—x) —5=2-x|-5

3-4 (Part 1) Assignment: pg. 250—251 #1 to 10 (all), 11, 13, 15,17, 19, 27, 29
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3-4 Transformations of Functions (Part 2)

Combining Transformations:

1. Determine the “Parent or Standard” function (Even Powers like x* and x*; Odd Powers like x°

and x’; Root like/x and /x ; or Absolute Value |x| ) and sketch their graphs.
2. Justlike the Order of Operations, we perform the transformation step by step in that order until
we graph the given function.

Example 1: Sketch the graph of the function, not by plotting points, but by starting with the graph of the
standard functions and by applying the necessary transformation.
a. fx)=5-2|x+3]
Then, vertically reflected

Standard Function: y = | x | and vertically stretched Finally, translation
First, translation of 3 units Left by a factor of 2 by 5 units Up
¥ 3 i 3 4 it
: b= Ticl| : ;
y=1xt3]
® X ®
1o i ] 0 g 1 -1l i ] 0 g 1 1o 1 5 1
FESETIRe 3|
° Nyt [ v+8] 5
N\ 4 il

b. =16-x’
S =16—x"| Finally, apply Absolute

Value operation to the

Standard Function: y = x’ Then, tral.lsm y-values (all negative y-
First, vertically reflected by 6 units U values become positive)
3 e 3
\ i
1 [ { N 1 N |
\H IR 7 \ AN
T N VAN
T/ PEINES
’ ; LT ; " ;
1o i 4 i i 1 1o hRf-p 0 [‘ B 1 1o 7 W 1‘0 I |
/ LY
[\ e EECEE ?
[ 1 I i i
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Even Function: - a function where f'(x) = f'(—x) for all values of x in its domain.
- function that has y-axis as its line of symmetry.

Odd Function: - a function where f'(—x) = —f (x) for all values of x in its domain.
- has a rotation of 180° about the origin (AFTER reflection off the y-axis (Horizontal
Reflection), follows by reflection off the x-axis (Vertical Reflection)). OR - function
that its symmetrical to the origin.

Example 2: For the following functions, test whether the function is odd, even or neither.

a. f(x)=x"+4 b. f(x)=|-2x]|
Test for Even Function: Test for Even Function:
f(=x) = (=x)’ +4 f(=x)=|-2(x) |
fx)=x*+4 f(=x)=|2x]
/(x)=f® ltis an Even function,> fEO=f@ f)=|-2x|=|2|

Test for Odd Function: C 1Itis an Even function. D

~(x) =-( + 4)

—f(x)=—x"—4 Test for Odd Function:
() % f (=) (= —4) = (F +4) =09 == =2 ]| == 25
- . () #f(=x) —12x|#|2x|
It is NOT an Odd function>
It is NOT an Odd function. >
c. f(x)=A/x+2 d. f(x)zé
X

Test for Even Function:

fE)=J(x)+2 =v-x+2

Test for Even Function:

- : _ 3 _ 3
f(=x) £f(x) It is NOT an Even functiony) f(=x) = m =
Test for Odd Function: S (=) #f(x) @OT an Even f@
~(B=—vx+2 Test for Odd Function:
—f (%) #f (—x) —Jx+2 =-x+2 69 [3J 3
o =—|21=_2
@OT an Odd fu@ | x)  x

: 3 3 ( Itis an Odd
‘ o S @) =f(x) -—=-=
Example 3: The graph of a function at x > 0 is given. o8 o8

Complete the graph for x < 0 so that it will be
a. an even function. b. an odd function.

4 AV Y
—% x *M_; x x
v

3-4 (Part 2) Assignment: pg. 251-253 #31, 33, 39, 43, 45, 53, 55, 69, 70;
Honours: #61, 65, 71, 73
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3-5 Quadratic Functions: Maxima and Minima

Quadratic Function: - a second degree polynomial function. (General Form: f{x) = ax” + bx + ¢)
- characterized by the shape of a parabola when graphed.
- a parabola has a Vertex and Line of Symmetry.

/ f(x) is the same as y.

Vertex: - the Maximum point y

%‘

2(x) is opening down.
(Vertex is a Maximum)

f(x) is opening UP.
(Vertex is a Minimum)

6 7 8 9

Vertex: - the Minimum point of
the parabola

. Line of Symmetry: - the vertical line that

/ passes through the
: Vertex.

For Quadratic Functions in Standard Form of f{(x) = a(x — h)2 +k

2(x) is the same as y.

SN EEEEEEEEEEEERHE

Vertex at (h, k) Axis of Symmetry atx =h Domain: x € R

a = Vertical Stretch Factor

a>0 Vertex at Minimum (Parabola opens UP) Range: y 2>k (Minimum)
a<( Vertex at Maximum (Parabola opens DOWN) Range: y <k (Maximum)
|a|>1 Stretched out Vertically |a|<1 Shrunken in Vertically

h = Horizontal Translation (Note the standard form has x — 4 in the bracket!)

h >0 Translated Right h <0 Translated Left

k = Vertical Translation

k>0 Translated Up k<0 Translated Down

For Quadratic Functions in General Form: f(x) = ax* +bx + ¢

y-intercept at (0, c¢) by letting x =0 (Note: Complete the Square to change to Standard Form)

—b++b* —4ac

x-intercepts at ( , OJ if b* — 4ac > 0. No x-intercepts when b* — 4ac < 0

2a
b b . . .
Vertex locates at x = —— y=f ~9 Minimum when a > 0 ; Maximum when a <0
a a
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Example 1: Graph the following functions on the same grid. Describe what had happened to g(x) compared

to f(x) = x°. Find the coordinates of the vertex and the equation of the line of symmetry for

each function. State the maximum or minimum of the functions and the directions of their
opening. Indicate the domain and range. Label or state the y-intercept.

a. f(x)=x" and gx)=-Ya(x+2)* -5

I _‘I:.ﬂv
flo)=x g(x)=—Ya(x+2)*-5 ¥ Ifx =%
[
Vertex at (0, 0) Vertex at (-2, —5) WL
Axis of Symmetry: x=0  Axis of Symmetry: x = —2 LTI I
Opening Up Opening Down (a < 0) 4
Minimum at 0 Maximum at —5 Nl
Domain: x € R Domain: x € R N==21\,
. N 0,0) N
Range: fix) 2 0 Range: g(x) < -5 EEREEEEYELEEEPE 1
The graph is reflected off the x-axis, vertically shrunk 3
by a factor of 4, moved 2 units left & 5 units down. V(2. 55 4
. N (0, —6)
For y-intercept, let x = 0. N
200)=-Y%(0+2’-5=—6 y-int at (0, —6) / s N\g(x) =4 x+2) -5
b. f(x)=x"and g(x) = 2x* — 16x + 33 fx) = e 2(x) =2x* — 16x + 33
Complete the square for Standard Form: :
o(x) = 2% — 16x + 33 \\ A4 A
gx)=2(x*-8x )+33 T |
g(x)=2(x*—8x+16)+ 33 —32 ; {
2
gx) =2(x" — 89; +16)+33-32 Note that we can \ 11/
g =2x =4y’ +1 V@1 find the vertex ool r
Vertex Location: either by 1o - 76545218 1 4 10=
B completing the '
b (-16) 2
=—— = x=4 square OR use x=4
2a 2(2) b :
y=g(4) =247 -16(4)+33 y=1 formula, x =——. 5
g) =20c— 4 + 1 :
Vertex at (4, 1)
Line of Symmetry: x =4 )
Opening Up (a > 0) For y-mtel;cept, letx=0.
Minimum at 1 2(0)=2(0)"-16(0) +33 =33 y-int at (0, 33)
Domain: x € R The graph is vertically stretched by a factor of 2,
Range: y >1 moved 4 units to the right and 1 unit up.
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Example 2: Write an equation of a parabola for each given conditions.

a. Vertex at (-3,5);a=2 b. Vertex at (2, —7); opens down; congruent to y = 3x°
y=a(x—hy + koo VE3,9) a=2 y=a(x—-h¥+k  V2,-7) a=-3(from 3x)
y=2)x-(3))"+(©) y=(3)x-Q)*+(-7) (opens down)

C y=20x+37+5 D - ;
y=-3kx—-2)"-7

c. Vertex at (—4, 2) and passes through (-2, 6) d. Vertex at (-3, —6) with y-intercept at —9
y=a-hY+k V4,2  a=? y=a@=h'tk  V(3,-6)  a=?
y=a(x=(#4)"+(©) y=ax=(3)" +(6)
y=a(x+4)y>+2 Now to solve for a y=a(x+3) —6 Now to solve for a

Passes (—2,6) — Letx=-2andy=06 Given y-int = (0, —9) » Letx=0and y=-9
(6) = a((=2) + 4> +2 (=9) = a((0) +3)* ~ 6
6=4a+?2 a=1 —9=9a-6

q=(x+4)z+D -3=9a a=-%
G/z,(x+3)2—6

Example 3: One of the x-intercept of the parabola is at —5 and its vertex is at (—1, —6). Find the other
x-intercept and the equation of this parabola. Graph the resulting equation.

by

From the location of the vertex, we can see that the

axis of symmetry is x = —1. Since the distance \ "
between the symmetry axis and the first x-int is 4
units, this means the mirror point of the other x-int

is at (—1 + 4, 0) =

y=a@-h’+k  V-1,-6)  a=?
y=a(x—(—21))2+(—6) 5. \/4 upitsy;
y=a(x+1)—6 Now to solve for a FREEREY AP

M- b

T

_"ﬂ
“N‘

L

KN
=

nits I(A

<>

T+
I

g 1 1

]

Given x-int=(—5,0) —» Letx=-5and y=0 \ /

0)=a((-5)+ 1)’ -6 \
0=16a—6 N

e
.y

i -

6=16a a=

y=%(x+1)2—6 S

Extreme Values: - any point on a graph that indicate a maximum or a minimum y-value.

o0 | W

[in)

Absolute Maximum / Minimum: - an extreme value of a graph where the point indicate it has the largest
y-value (maximum) or smallest y-value (minimum).
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Local Maximum / Minimum: - an extreme value of a graph where the point indicate it has the relatively
large y-value (maximum) or relatively small y-value (minimum) in the
immediate vicinity. Local Max / Min is NOT the largest or smallest y-
value of the graph.

.....
.

Absolute Max = flo)
atx=c

atx=> atx=a

Local Min = f(b)
atx=>

atx=a

Example 4: Using a graphing calculator and the WINDOW settings of [—5, 5] by [-50, 50], find all the
extreme values of f{x) = 2x* + 9x” — 20x to the nearest hundredth.

WINDOW GRAPH Find Abs.ol.ute Min Find LOCi.ll Max Find L(.)c.al Min
(run minimum)  (run maximum) (run minimum)

I AT VAR VALY
?EE&:%E@ v W v 7R

Wscl=a Hiniraur Haxiraur Hiniraur
Hres=1 w=-E 117819 IY¥=-z1 4280z w=-l0kzExl IV=1:018622 w=2ranklae IY=-10.58917

Extreme Values for f{x) = 2x" + 9x° — 20x

Absolute Minimum at —21.32 when x = -3.12
@Ximum at 13.02 when x = —1.03 and Local Minimum at —10.59 When@

Maximum and Minimum Problems

When Solving Maximum and Minimum Word Problem:

Draw any appropriate diagrams.

Define the Variables involved.

Determine the relationship between these variables (y_in terms of x).

Write the Maximum or Minimum Function using ONE variable. Expand if necessary.

Find the Vertex, (x, Min) or (x, Max), of the quadratic function by Completing the Square, using

NE PO

the Formula x = —zi withy= f (_ZAJ , or by Graphing.
a a

6. Report the answer in a complete sentence.
Example 5: Find two numbers have a difference of 9 and their product is a minimum.

Let x =larger of the two numbers y=x(x—9)
(x — 9) = smaller of the two numbers ~ y=x" — 9x
y = product y=(@*—9x ) Complete the square to find Min and Vertex

. =@ =9t (B) =% y=& = %) =Y V(%)
From V(x, Min y) ,
x=9% and (x—9)=—% @e numbers are % and —%, and Min Product=—D
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Example 6: A 1000 metre rope is used to section off a rectangular swimming area by the beach. Determine
the dimensions of the rectangle that will yield a maximum area.

[=1000 - 2w

Let w=width /=Ilength A =area

Perimeter = 1000
2w+ 1=1000 (one side is bounded by the beach)

w A=1 xw

w

[= (1000 — 2w)
A=1 xw
A= (1000 — 2w)w /= 1000 -2
A =-2w" + 1000w (Use Formula to find w at Max Area) l; 1000 : 2?;50)
Vertex locates atw=—i S L w=250m [=500m
2a 2(-2)
Max Area = —2(250) + 1000(250) Max Area = 125,000 m’

Example 7: A marketing firm for the Santa Clara Transit has determined that there will be 7,500 less
people riding the light rail for every five cents increased on the fare. There are currently
300,000 people ride the light rail at $1.50 on a daily basis. At what price should the Santa
Clara Transit charge per fare to yield the maximum revenue?

Revenue = (Number of Riders)(Price per Fare)

Let x = Each Five-cents Increase on Price per Fare

R = Revenue [Every 5-cents or 0.05x increase on $1.50, there will

R = (300,000 — 7500x)(1.50 + 0.05x) be 7500 less riders from 300,000 current riders]

Use Graphing Calculator to find Maximum:

(run maximum)

Flokl Flatz Flok: 1] T HOICHL) MEMORY

=N B IEEREE -7 SEE anln=g ecimal

Al S+HEASH D Anax=1A S ZSauare

“Me= nacl=1 5 25t andard

WMrs= Ymin=-1d FiZTr1a

N/ yoaci® SHE

Me= scl= I Zoomsta ;

~NE= Hres=1 sH-ZoomFit < 13;3-.°u¢n¢-.¢25 W=4EBZFE | ’
Change Xin to 0

(x should be greater than 0)

At Maximum, x = 5. This means that the increase is (5)($0.05) = $0.25.

Hence the new fare should be $1.50 + $0.25. New Fare = $1.75
Max Revenue = (300,000 — 7500(5))(1.50 + 0.05(5)) Max Revenue = $459,375

3-5 Assignment: pg. 261-263 #3, 9, 15, 23, 31, 35, 37, 39, 43, 49, 55, 61;
Honours: #65, 67, 71b and 71c¢
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3-6 Combining Functions

Functions can be combined in many ways just as numbers can be combined through various operations.

Operation Notation . Domain .
(Let F = Domain of f{x) and G' = Domain of g(x))
Addition (f +2)x) =flx) +g(x) FNnG (F intersects &)
Subtraction (f —2)x) =flx) —g(x) FnNG  (Fintersects G)
Multiplication (f2)(x) = flx) g(x) FNnG (F intersects &)
Division (ﬁ)(x) = ﬁ% {xe FNG|g(x)#0}

Example 1: For f{x) =3 Jx—6and g(x) = 2
x —

and, find and evaluate the following. State the domain for

each case. Graph each of the following to verify your answer.
a. (f +g)x)and (f +g)1)
(f +2)(x) =fx) + g(x)

b. (f —g)x) and (f - g)(0)
(f — 9)x) =fx) — g(x)

Flokl Flotz Flokz

L= R )
- Y
.
(f+9x)=3 6+— xﬁ- T
Wy BE=
“MNE=

(f +9)(1)=301)- 6+

(f+g)(l):3—6+—3

Domain: x>0nNnx=4

c. (fg)(x) and (fg)(~2)

(f2)(x) =A%) g(x)
(f2)) = (3x — 6)( - 4)

M=

F — 2@ = Bx - 6)—(x2j

2
f -~ 2@ =3Vx-6- ——
Take cursor to the space

before Y, and press

2

2 ENTER repeatedly until (f —2(0)=3 \/ 0 —6— (())—_4
“0” symbol appears. 5
To enter (f —2)(0)=0—6— — [ Pt rotz Ptz
AR g
Y, & Y, use e B
(see Ex. 4 of 3-1) :Ef‘r‘i Mz
~Ne=
> GRAPH :3?:
O >
— _ ]
{x|x>0andx =4} {x|x=>0andx =4} K
or [0, 4) U (4, ) q or [0, 4) U (4, )
6,/(-2) —12
(f8)(=2) = L Flotl Flotz Flat:
([2) ) B
6i 12 V=R
(f)(-2) = 4
“Na=

Domain:
x>0nNnx=#4

Flotl Flokz Flot:
L= R )
Y= R N
MRV Y
wMy=

Me=

“MNE=

S e

@>0andx¢4
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r (J0, 4) U (4, ©))

Vo 3x3/x =124x —6x +24
e ;

Domain: x>0nNx#4

\/
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Algebra 2

Chapter 3: Functions

Example 2: The graphs of the functions f{x) and g(x) is shown below. Evaluate the following.

A

B (]

e \sz(x)
//7 La} \
/ /Il \

s

e o I i ) N

a.

#' X C.
1y 2T RE B 6 mn

(f +2)(0)

(f +2)(0) =A0) + g(0)
(f +2)0)=@3)+(6) f-2@=cDH-0)

f +8)0)=9 (¢ —9)4)=—4

(R)(-1) d (£)e2)

() (1) =fi-1) x g(~1) L) = 23
(2)(-1)=(4) x 3) (5)

-m L=

(£) 2=

b. (f —&4)
(f —2)4) =f4) — g4

0
undefined

Example 3: The graphs of the functions f{x) and g(x) is shown below. Use graphical addition to graph

(f + 2)).
1In.nY
9
:
&
NgE )
\ IS
Ty
:
i N y
0-08-7-65N5-2-10 1 4;}- 10
' /
= ol v
g(x
4
5
(l

We can add the two functions point by point.
(f +@(6)=/-6) + g(-6)=(6) + (3) =9
f+H =4 +g-4)=05)+(-1)=4
(f+9(2)=/2)+tg(-2)=4) +(-25)=15
(f +2)(0)=/(0) +g(0)=(3) +(=3)=0

*

bbbt diddsdd

¥

(o)
|
T

s ]

eI R v T N R R R N

(f +22)=A2) +g(2)=2)+(-2.7)=-0.7
(f+o9@=f4)+gd=1)+(=2)=-1
(f +2)(6) =f(6) +g(6)=(0)+(0)=0

Composition Function: - when one function is substituted into the variables of another function.

(f° g)(x) = flg(x))

Domain of Composite Functions: Include BOTH Domains of functions fand g.

Always Evaluate the domain of the INNER Bracket Function first!

(Read as “f of g of x”)

Copyrighted by Gabriel Tang B.Ed., B.Sc.
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Algebra 2

Example 4: For p(x) = 2x* — 3 and ¢(x) = 3x + 1, find the following and state the domain.

a. (p°q)(x)and (p °q)(—4)

@ ° @) = p(g(x))
(p°@)®)=203x+1)"-3
@°q)(x)=209x>+6x+1)—3
(P°q)(x)=18x"+12x+2—3

@ ° () = 187 +12x— 1>

(P ° g)(—4) = 18(—4)* + 12(-4) — 1

Domain: xe RNnx eRr

b. (g °p)(x)and find x when (¢ ° p)(x) = 16

SRR | (g P = gpw) R
i zBIk+] _ 2 oz BIE+]
NELLARE (qep)x)=32x —3)+1 NELICISE
=Ny= D) s
:32: (gep)(x)=6x"—9+1 ,‘E§=
“Ne= ~Ne=
(g °p)(x) = 6x" — 8
\ (g °p)(x) =16 \ f
! 6x° —8=16 \f’
6x> =16+ 8
6x° =24
, 24
x e —
5 6 Domain: xe RNnx e R
x =4

Example 5: For g(x) = v3—x, find (g ° g)(x) and (g ° g)(—1). State the domain.

(g°2)(x) = g(g))

WY BT C3=K0
p— 3-x>0 N 3—AB-x >0 |wEEine
@x)= 3 D -x=>-3 —v3-x >-3 EEEE
“Ne=
(go9)-D=y3-y3-(D  *=7 Vizx =3
(/3-x)"<3
(g°g)(-1)=3-+4 3-x<9 ——p
(gog)(-1)=+3-2 —x<6

Domain:

Flokl Flokz Flokz

x>-6

g-o)(-hH=1

Example 6: The graphs of the functions f{x) and g(x) is shown below. Evaluate the following.

Y a. (f~g)0) b. (g°N4)
2 (> £)(0)=fg(0)) g(0)=6 (g N4 =g(f(4) f4)=-1
(X) (f° )(0) = f(6) (g N =g(=D)
S \
yd : (f°8)(0)=-3 g°HMA)=3
/ /' \
- v C. (foN(3)
190-9 -8B -F D -4 -3 1 i 10
: (e NE3)=Af=3) A-3)=4
4 (e N(=3)=f4)
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Example 7: Express the functions below in the form of (f° g)(x).

a. Fx)=(x+2)" b. Hx)=|x"—6| c. Gx)=+9-x°
(fe Q)x) =fg(x)) = (x +2)* (fo Q)(x) =fgx))=|x* ~ 6| (fo 2)(x) = flg(x)) = V9—x°
9-x' g)-x+D 9=1x| g0=-2-6 - BP
)=Vx gx)=9-x
(f° 9)x) =flgkx)) = | x*~ 6| o, g(®

Example 8: A manufacturer sold an electronic appliance to a wholesaler with a 60% mark-up. The
wholesaler then sell it to a retailer at a 80% mark-up. Finally, the retailer sell the same product

to the consumer at a 140% mark-up. What is the final price of the item if it costs the
manufacturer $7.00 to build?

Note: Final Price = Original Price + Original Price x Mark-up Rate
Final Price = Original Price (1 + Mark-up Rate)

Let m(x) = manufacturer’s mark-up m(x) = 1.60x
w(x) = wholesaler’s mark-up w(x) = 1.80x
r(x) = retailer’s mark-up r(x) =2.40x

Price to Consumer = (r °c w © m)(x) = r(w(m(x))) = 2.40(1.80(1.60x)))
Price to Consumer = 6.912x

At x = $7.00, Price to Consumer = 6.912($7.00)

@o Consumer = $48.38

3-6 Assignment: pg. 268—271 #1,5,7, 11, 17, 19, 21, 23 to 28, 31, 35, 45,49, 57, 61;
Honours: #39, 43, 51 and 65
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3-7 One-to-One Functions and their Inverses

One-to-One Function: - a function where every input has a unique output.
- in essence, it passes both Vertical Line Test (necessary for an equation to be
called a function), and the Horizontal Line Test (as a one-to-one function).

Examples:  f{x) is a one-to-one function g(x) is not a one-to-one function
X SAx) X g(x)
/_\ /_\
-3 7 -3 7
—_—
0 2 0o —, )
~—0U{0N "7
Example 1: Graph the following function and determine whether it is a one-to-one function.
a.  flx)=|x| b.  flx)=x
\ {
i A f
5 \ /

ol L

it
5
&

(R N

It is a function (pass the vertical line test),

It is a function (pass the vertical line test),

but NOT a One-to-One Function, did but NOT a One-to-One Function, did
NOT pass the horizontal line test. NOT pass the horizontal line test.
. fix)=|x|wherex>0 d  fi=+Jx
——
; : —
10 7 4 By E 1 1o 7 h 0 B 1
It is a function (pass the vertical line test), It is 2 f}mction (pass the Verticz-ll line test),
and it is a One-to-One Function, (pass and it is a One-to-One Function, (pass
the horizontal line test). the horizontal line test).
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Inverse Function f “!(x): - function that contains a set of order pairs that had the x and y components
(including Domain and Range) switched from the original One-to-One

Function.
- a function that is NOT a One-to-One Function does NOT have an Inverse
Function.
f(x) = One-to-One Function f - (x) = Inverse Function
(6] > (,x)

Domain of f(x) » Range off"(x)
Range of f{x) - Domain of /' (x)

Note: f x) = 1 (Inverse is DIFFERENT than Reciprocal)

f(x)

Example 1: Find the inverse order pairs of /= {(-3, 4), (-1, 5), (1, 6), (3, 7)}. Graph the order pairs for
function f'and its inverse. Determine the domain and range for both functions.

_f: (_3’ 4)’ (_1’ 5), (1’ 6)’ (3’ 7) S
Domain: {x=-3,-1, 1, 6} 2 eB. 7
Range: {y=4,5,6,7} L5219 1,
. 1 5.0 o T
switch x and y for PYIk)
£l (4, -3), (5, 1), (6, 1), (7, 3) ; ® st
Domain: {x=4,5, 6, 7} EPEEEEPERET EEEPY Y ']
Range: {y =3, -1, 1, 6} : 5]=1
BN S7/BEY

To find the Inverse Function Equation from a One-to-One Function:

1. Replace all x with y, and y with x (or f{x) with x).

2. Isolate the new y.

3. Use the Inverse Function Notation,f"(x). State the Domain and Range of the Inverse Function.
Recall Domain of f{x) becomes Range of /' (x) and Range of f{x) becomes Domain of f ' (x).

To Draw Inverse Functions on a Graphing Calculator: Select CIrDraw to
DRAW

Enter Function
and Graph GRAPH @it PRGM

erase inverse graph DRAW

Flokl Flokz Flotx gﬁﬂﬂ FOIHTS STO (Drawlne Y POIHTS STO
AR ] = A or-izontal L0z

“Me= dilertical fLiret

~Na= o Tandent ZiHorizontal
wMy= &2 OrawF dillertical

wMe= i Shaded S: Tandent.o

~NE= Otz Ty & O awF

S ik Circlet TShader

Copyrighted by Gabriel Tang B.Ed., B.Sc. Page 107.




Chapter 3: Functions Algebra 2

Example 2: Find the inverse of the following functions. Graph the functions and their inverses. State the
domains and ranges for both functions.

1 ¥ y =X
o = B0 L e
:'7'3; 7 l’
~ 2x-6 For f(x), ez :
fix) = 3 Domain: x € R N A1
2x -6 Range: f(x)e R Drawlng Vi 7/ o ”—fx)
y = l'w_ . o
3 T ” x
2y-6 . . AEREREREVECEP «FETEEEE
xX= y3 (switch x & y for inverse) J e
L
. " A
3x=2y—6 (Solve for the new y) /- ! .
3560y | AT R,
3x+6 o4 I Domain: x € R
> 7 s; Range: fix)e R
kRal o y =x
b. g)=x"—4,x20 \E‘?‘écﬁi‘iﬁ‘ﬁam °1 8lx f' §
=M=
gx)=x"—4 N ) f
y=x-4 e i
x=)?—4 (switchx & y for inverse) Y= 4 R
x+4=)>" (Solve for the new y) Drawln ¥ A g T(v)
(Positive Root only since Range of g(x) > 0) "1 x
o587 6E5-4-82-L0 4866 1 1
For g(x), For g_1 (x), )#_ .
Domain: x > 0 Domain: x > —4 7. f
Range: g(x) > —4 Range: g '(x) 2 0 .
c. h(x)=(x- 4)25 x4 Flotl Flotz Flots i ’ ‘.)'=x
H) = (= 4 AL R -
X) == wNx= Tlg4 "
Y E= = ] o
x = (y — 4) (switch x & y for inverse) |wbiz . S AE
Jx=y-4 (Solve for the new ) OrawInw ¥ EEEEEEEEEN SR Ean
(Positive Root only since Range of /(x) > 0) 1 .
o587 68548210 4866 1 1
For h(x) For h™'(x), /7L T
Domain: x > 4 Domain: x > 0 i e
Range: h(x) >0 Range: h'(x) > 4 :
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& p =X
d. gx)=+5-x Flokdl Flakz Flob: 5 ” =

\$1EIﬂ5—K)ﬁHi5) =
M=
q(x) = V5-x N/H f
= “Me= 6

y= S_X ~ME= qlx 5

M=

x = 4/5—y (switch x & y for inverse) [Grawinv vi T ——
x*=5-—y (Solve for the new ) . .
y:—x2+5 Ho-b 8 -7 5 -5 -4 3 -p -1 \‘ 458 1 1

@x) =—x"+5 where x@ . A 3

Since g(x) is a horizontal parabola with one
branch only, the inverse will be a vertical \

parabola with only one branch as well.

For g(x), For ¢ ~'(x),
Domain: x <5 Domain: x >0
Range: g(x) >0 Range: ¢ '(x) <5

To Draw the Inverse Graph from the Graph of an Original One-to-One Function:

Method 1: (Using y = x line)
Draw the y = x line. Reflect the Original Graph on that line.

Method 2: (Using Order Pairs)
Select a few important order pairs (like x and y-intercepts). Switch the x and y values of each order pair
and re-graph.

Method 3: (Switch x and y axis)

a. Redraw the graph on a separate piece of paper.

b. Label “x” on the y-axis, and label the “y” on the x-axis.

c. Look from the backside of the paper, and rotate until the x-axis label is on the right hand side and
the y-axis label is on top. This is the shape and the orientation of the inverse graph.

Example 3: Sketch the inverse graph of the following functions.

=

=X e =X

b. ' |

a.

O

-l

—~
|
o3

b gy I o
Py,
.y

=t

A

hNKY
0

\\\-f

.
.
.
\ -
o 2 R
P
!
9
I
I
9|
N~

\ 21-6) ol ...l,

(-]
1
I
1
=2
.
- |
5 ==
J W
.
.
Ak
T D O =1 O e O - M O N3 e R | O
" .
.
.
N .
.
.
.
.
-
§
.
-
=F ™
(-]
i
1
=2
.
1
-
-
=F ™

.
§
y \
[
<3
P
[
Nk
=
n b d
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=x le =x

[o T O
o
S
b
L
&
o §
B O SN T =

f-]
=1
(=
T
==
w1
—
T,
I
]
(=]
==
|
—
e

{2
b=
P

=

.0)

O Ll 3 O I
S SN [0 B R -
— il ———
"

Example 4: The temperature in degree Celsius is given by the function C(F) = S(F —32), where F'is the

temperature in Fahrenheit.

a. Find the inverse of the above function.
b. What does the inverse function represent?
c. Evaluate C"'(25). What does it mean?
5 b. For C(F), the input is temperature in
a. ()= §(F —32) Fahrenheit and the output is temperature in
5 degree Celsius. Hence C™'(F) means the
c= §(F —32) [use Cinstead of C(F)] output is temperature in Fahrenheit and

the input is temperature in degree Celsius.

c. Given 25°C, find Fahrenheit

F= S(C —32) (switch C & F for inverse)

9
1 _
§F= C-32 (Solve for the new C) T (@)

9 C'(25)=45+32
ZF+32=C
5 @25 =77 Fah@

3-7 Assignment: pg. 279-281 #3, 5,9, 11,17, 19, 23, 33, 37,47, 53, 69, 71, 75;
Honours: #27, 39 and 79
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