Unit 7: Patterns Applied Math 30

Unit 7: Patterns

6-1: Sequences

Sequence: - a list of numbers generated from a pattern.

Arithmetic Sequence: - numbers in a list are related by a common difference.

Example: 5,8, 11, 14,17, ...... t, (add 3 to the get the next term)

t,=a+n-1)d

a = value of the first term
d = common difference

n = number of terms in the sequence
t, = the value of the n™ term

Example 1: In the sequence 84, 80, 76, 72, ..., find the

a. 20" term. b. general equation for z,.

a=84

S8
Il
|
N
S
Il

20 a=284 d=-4

tho =84 + (20 = 1)(—4)
o= 84 + (19)(—4)

= 84 + (l’l - 1)(_4)
ty =84 + (=4n + 4)

Example 2: A salesperson is paid $500 per month plus $35 per encyclopaedia sold.
a. Find the general equation for his monthly earnings.
b. Graph the sequence to the 20 encyclopaedias sold.
c. How much would the salesperson earn if he sold 42 encyclopaedias in one month?

d. Find the number of encyclopaedia sold if the earning is $920 in a month.

a. First, we set up a table. b. Earnings vs. Encyclopaedias Sold
Encyclopaedias | Earning )
Sold $1,400
0 $500 $1,200¢ o00?® o
& $1,000 - 00 o
1 $535 Py o
& $800 - 'Y
o
2 $570 £ Py o
3 $605 &
w  $400 -
a=535 d=35 $200 -
535 ( 1)(35) $O I I I I I I I I I 1
tn = +(n -
t, = 535 + (351 — 35) O 2 4 6 8 10 12 14 16 18 20
)= 35n + 500 @ Encyclopaedias Sold (n)
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¢. n =42 encyclopedias E=7? d. n=7?encyclopedias FE =$920

E=35n+ 500 920 =351+ 500
E=35(42)+ 500 E=%1970 920 =500 =35n
= C=D
— =n
= Cn=12)

Geometric Sequence: - numbers in a list that is related by a common ratio.

Example: 3,6,12,24,48, ..., (multiply 2 to the get the next term)

a =value of the first term  » = number of terms in the sequence
7 = common ratio t, = the value of the n™ term

Example 3: In the sequence 700, 560, 448, 358.4, ..., find the

a. 15" term. b. general equation for z,.
a =700 r=ﬂ=0.8 a =700 rZﬂZO.S
700 560

t15 = (700)(0.8)"*

f15 = (700)(0.8)™ @700)(0.8)0‘ =0
115 = 30.7863

Example 4: A tennis ball is dropped from a height of 4 m and rebound 65% of the previous height.
a. Find the equation that describes the pattern, and graph the rebound height versus the number of
bounces.
b. To the nearest, thousandth of a metre, what height did the ball reach after the 6" bounce?
c. How many bounces did it take for the ball to have a rebound height of less than 0.10 m?

r=65% =0.65

Rebound Height of Tennis Ball
4(0.65)=2.6m
5 5
4m 4(0.65)*=1.69 m T |
L
=
s
v s’ o
¥ bounce 2™ bounce - 5|
£ O
The sequence is: 4 m, 2.6 m, 1.69 m, ... g ®
However, we will define ¢ = 2.6 m because 2 1 o
t, = height after nth bounce. T . ] [
0 1 2 3 4 5

t = (2.6)(0.65)"
q )( ) Number of Bounce (n)
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- After the 6" bounce, the ball will have a

height of 7. Number of Rebound (#) | Rebound Height (,)

A 6 0.30168 m
t, = (2.6)(0.65) - 0.19609 m
8

t6=(2.6)(0.65)¢~ D
o = (2.6)(0.65)° 0.12746 m
<9 0.08285

Recursive Sequence: - a sequence where the value of the next number depends on the value(s) of the
previous number(s).
- all arithmetic and geometric sequences can be classified as recursive.

Generating Sequences Using TI-83 Plus Calculator.

1. Set Sequence Mode I(01)Y 2. Define Sequence

=1 Eng oL Finte FIeis nMin = Starting n of the sequence
A125456739 nMin=1 (usually is set at 1).
ﬁaﬁegg?eﬁ HEE%?E E Ezéi;# u(n) = equation that defines the sequence
=:E|r_-|r-||§-|z. Led) Dot \ '--uE:-‘.-rE'.ITH - We use u(n.— 1) to denote the value
'f' -_1|14-=- i Pglgtul Select Seq ___EI:E}? _ of the previous term.
Horiz G-T winMina= u(nMin) = value of the first term (a) in { }

brackets

To access u, press  2nd u To access n, press

d }
3. Viewing Sequence To access { }, press 2nd ( and  2nd )

a. Using Table: b. As a List: Sequence Name (nstart, nstop)
2nd THELE SETLUP uela.5o
TblSEar*t=1 {24 88 Vo V2 a8k

alhl=1
H=sl:
A=k

TBLSET Indrnt.: [IXs
Derpend: [SiHEs |
WINDOW The first five terms of this sequence are

84, 80, 76, 72, and 68.

¢. As an individual term: Sequence Name (n)

" LY
2nd TR B4 SR i

z i

3 7h

iy 7E

3 &8

& B4 " ) _

7 1 The 7™ term of this sequence is 60.

n=1
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Example 5: Use the graphing calculator in SEQUENCE mode to calculate #5.

a. 5,8,11,14,17, ... b. 3,6,12,24, 43, ...
Flatl Flakz Flats
=Mip=1 Arithmetic :'.:Iﬁ? hgitz Flokz Geometric
G B CR—1 2+ 3 Sequence LR BuCn—=1 %2 Sequence
LinRlinaBL5k a=5 uinMindB L33 a=3
'-.-"::".‘:'= d=3 A= >y5)
Viplina= i nina=
R A SR =
wiaMini= winMina=
o P o P
1 y? it yaics
16 £ 16 gAY
i? % i? 196608
i EE 15 85216
1 Bt —— H TARER | ¢
n=2H e Uinr=1572864
@ tr0 = 1.57 x 10°
OR OR or
1572864
LG 2HD L2
= 1572864

6-1 Assignment: pg. 264 — 265 #1 to 10
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6-2: Modelling Using Sequences

Graphing Sequences Using TI-83 Plus Calculator.

1. Define Sequence 2. Determine Maximum and Minimum y values using Table
Hﬁt'i F'1;I:E Floks 2nd FT"_ :{I':;'—":' 1;-" ';E':T":'
nilin= z Bir 16 2y

ey L a
uLaMin

Ry : 24 A &
UEH?IH}= ? &1l i Y

LR A= = =
Wi = n=l n=28

5 Swioow

WIMHOOW W IHOOL
nMin=1 nMin = first n term to be evaluated TPlot5ter=1
nflax=28 _ Amiln=g
PlatsStart=1 nMax = last n term to be evaluated Mg =20
FlotSter=1 Plot Start = first n term to be graphed e
ARin=g . Yrin=a
Anax=28 Plot Step = increments of (n) term to be plotted | Ymax=188

drscl=2 Y=cl=1H

4. Graph 100y 5. Tracing will allow us to find value at ¢,

B u=uiy-1i-Yy
GRAPH : el TRACE e

L

Sometimes sequences may involve More Than One Operation to go from one term to the next.

Example: 3,7,15,31, ... ¢, (Multiply 2 and Add 1)
We can write Hh=3
t, =2 (tn—l) +1

Maintenance Level: - where the sequence levels off on a graph.

| ¢——— Maintenance Level

_—~ Term () where maintenance level occurs
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Example 1: Given ¢, =6 and ¢, = %(tn _1) + 6, and using the graphing calculator

a. Find the first five terms of the sequence.
b. Graph the first thirty-five of the sequence.
c. Find the maintenance level of the sequence

a. 2nd " Ny
Y= Flokl Flokz  Flokz
afin=1 P -
St aBE, Sy in—=11 K 10k
+5 y 1i.zE
UiaMin BL6 E }iﬁ%
RIS 7 11805
uinklini= =1
e a=
b.  2nd I Y L), WIHDOI
gg 15 ~Min=1
i1 is % 10,35, 1] nilax=35
3z iz > 22 FlotStart=1
33 1z y: 10,15, 1] FlotSter=1
frm| 1% AMin=d
=== Aamax=35
= dr=cl=1
U0 Skul-11+6 1
T . ...ooooooooooooooooooooooooooooo
10 °
1 e
n=IE |
o S T R 1o
5 _
07\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\n
c. 0 5 10 15 20 25 30 35
o A o A
%g 1 %g Maintenance Level at 12
%% i;h N(.)tt ; h>/ " when n = 32. (This is where
3 1F q‘l“z ¢ s the whole number 12 FIRST
2 1 2 APPEARS on the table.)
ima=11.99999999| |luinir=12
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Example 2: Due to higher than expected fish stocks at Sylvan Lake, the government decided to limit the
recreational fishing quota to 20% of the fish available. In the meantime, scientists predict that
the fish stock at Sylvan Lake will increase by 675 every year. The current fish population at
Sylvan Lake is approximately at 4500.

a. Complete the table below.
b. Define a recursive sequence to be entered into the calculator.
c. Using the calculator, determine the fish stock at Sylvan Lake at the beginning of the 10" year.
d. Graph the fish stock population versus time. What is the maintenance level of Sylvan
Lake’s fish population?

" Time Current Fishing Quota | Natural Population | Population
(Beginning of the Year) | Population Increase Remaining

0 4500 900 675 4275

1 4275 855 675 4095

2 4095 819 675 3951

3 3951 790 675 3836

4 3836 767 675 3744

5 3744 749 675 3670

tarting Ti
b.S arting lmel- 20% = 80% Remaining d. 2nd TABLE x: [0, 50, 2]
N\ Z GRAPH y: [0, 4500, 500]

Flobl Motz ‘F}vri
nMin=A
2ULn 288, Sutn=17+| Annual WInoow
. Increase =
utallin)B{4508> Bl oy
Eﬂﬂl"’l?n}: '\\Starting Flotster=1
i a= Amount amln=H
- A=
Lmsc]l=2
c. " L .
3 TFEN 5000 - Fish Stock at Sylvan Lake
B 5605 ]
; S 4500 +
it Y |
L 1=5495 . Fa5955 g_ 4000 | , Maintenance Level at 3375 fish in 45 years.
o i *
< T e, \
= i .
w 3500 ] .“”“’000000000000000000000000000 se00e
In 10 years, there will be .
3496 fish in Sylvan Lake. 3000 E
2500 - ‘ ‘ ‘ ‘ ‘
0 10 20 30 40 50

Time (vear)
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Half-life: - the amount of time needed to decrease the previous amount by half.

Example 3: A drug is taken every 3 hours. The dosage of this drug is 500 mg. The half-life of this drug is
1.5 hours. Complete the table below and answer the followings
a. What fraction of the initial dosage remains in the body 3 hours later (before the second dose
was taken)?
b. Define a recursive sequence to be entered into the calculator by the number of doses.
c. Using the calculator, determine the amount of at the beginning of the second day of

treatment.

d. Graph the level of drug in the body versus doses. What is the maintenance level of this drug?
e. Setup an EXCEL spreadsheet that will yield the same result as the calculator.

Time | Number of Amoun.t of Drug Amount of Drug | Amount of Drug Amoupt of Drug
(hours) | Dosage (n) Remains from Excreted (mg) Taken (mg) Remains for the
g Last Period (mg) g g Period (mg)
0 1 0 0 500 500
1.5 1 500 250 0 250
3.0 2 250 125 500 625
4.5 2 625 312.5 0 312.5
6.0 3 312.5 156.25 500 656.25
7.5 3 656.25 328.125 0 328.125
9.0 4 328.125 164.0625 500 664.0625
10.5 4 664.0625 332.03125 0 332.03125
12.0 5 332.03125 166.015625 500 666.015625
13.5 5 666.015625 333.0078125 0 333.0078125
15.0 6 333.0078125 166.5039063 500 666.5039063
a. b. Starting Dosage 1 -
3 hours later (before the second pill was taken), P Remaining
the amount is 250 mg. Floti \Elatz  Flo
aml A1
yLm s B W by
Fractions of the Initial Dosage = 250 mg +50E < gegular
200 mg uCaMin)B{SE63 osage
Fractions of the Initial Dosage = % E ) E b in B
v
Starting
Dosage
Copyrighted by Gabriel Tang B.Ed., B.Sc. Page 165.
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c. At the beginning of the second day, |4 = At the beginning of the
9 doses would have been taken. BEG. 6541233 ) second day, there will be

666.66 mg in the body.
d. 2nd TABLE

n RIS Final Drug Amount Remaining vs. Doses
it BBA.a67 750 -
16 BHG.G7

700 -
>\ POR I 20 20 28 2 25 2 28 % 20 2% 2 28 2% 28 N 4

0 BGE.GT 50
=i BBE.BT 850 -

*
uinI=EEE. EEEEBET| g OO \ f
) = 550 - Maintenance Level at 666.67 mg
x: [1, 20, 1] E in18d bout 2 d
y: [300, 750, 50] 3 500 & in oses (abou ays).
WTHOOL £ 450
nMin=
aMax=2H 400 -
FlotStart=1
PlotSter=1 350 1
::'::I'I'l i r-l= 1 300 I I I I I I I I I I I I I I I I I I 1
Amax=2H
I¥sc1=1 123 4567 8 91011121314151617 181920
Doses Taken
e.
i | B | L | 0 | E
| 1 | Dosages (n) Previous Amount Remaining (mg) Amount Excreted (mg)  Amount of Drugs Taken (mg) = Final Amount Remaining (mg)
12 1 a = 25'B2 =500 =B2-C407
| 3 =82+1 =E2 = 75*E3 =500 =B3-C3+03
| 4 =83+ =E3 = 75*B4 =500 =B4-C4+D4
| 5 =84+ =E4 = 75*B5 =500 =B5-C5+05
| B =83+ =E5 = 75*B6 =500 =BB-CA+DE
| 7 =45+ =EE =0 7567 =500 =B7-CT+07
| 8 =47+ =E7 = 75*B8 =500 =B3-Ca+08
| 9 =AG+ =Ed = 75*B9 =500 =R9-C3+09
10 =43+1 =E9 =0.75*B10 =500 =B10-C10+010
|11 =410+ =E10 = 75611 =500 =B11-C11+01
|12 =41141 =E11 =0.75'B12 =500 =B12-C12+012
|13 =81241 =F12 =0.75*B13 =500 =B13-C13+013
|14 =413+ =E13 =0.75*B14 =500 =B14-C144014
|13 =414+1 =E14 =[ 75*B15 =500 =B15-C154015
|16 =415+1 =F15 ={ 75*B16 =500 =B16-C16+016
|17 =416+ =E1E =0.754B17 =500 =B17-CAT+017
|18 |=417+1 =E17 =0.75*B18 =500 =B18-C18+018
|19 =415+ =E18 =0.75*B19 =500 =B19-C19+019
|20 =415+ =E19 = 75420 =500 =B20-C20+020
21 =420+ =E20 = 754621 =500 =B21-C214D2
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Example 4:

In a fish stock recovery program, the government introduced 60 tonnes of fish into Lake

Winnipeg every year. However, 35% of Lake Winnipeg’s water flows into Lake Winnipegosis.
There are presently 360 tonnes of fish in Lake Winnipeg and 95 tonnes of fish in Lake

Winnipegosis.

. Fill in the table below.
. Define the sequences for the graphing calculator to determine the amount of fish in each lake

over any given years.
c. Calculate the amount of fish in each lake 15 years from now.

d. Determine the maintenance levels of each lake and the amount of time needed to reach them.
a. Lake Winnipeg Lake Winnipegosis
Time | Beginning | Amount Amount Final Beginning Amount Final
(years) | Amount Lost Added Amount Amount Added Amount
(Tonne) (Tonne) (Tonne) (Tonne) (Tonne) (Tonne) (Tonne)
0 360 126 60 294 95 126 221
1 294 102.9 60 251.1 221 102.9 323.9
2 251.1 87.885 60 223.215 323.9 87.885 411.785
3 223.215 78.12525 60 205.08975 411.785 78.12525 489.91025
4 205.08975 | 71.7814125 60 193.3083375 | 489.91025 | 71.7814125 | 561.6916625
b. u(n) = Amount at Lake Winnipeg c. 15
v(n) = Amount at Lake Winnipegosis U In 15 years, there
uils will be 172 fish in
To access v, press 2nd A% Lake Winnipeg
3 | and 1243 fish in
Lake Winnipegosis.
Starting Time (year) (1 - 35%) =
: 65% Remaining
\ v
Flokl Fdpts Flok d.
nflin= i W] win Lake
Ll ElE . 650 s—1 3| Regular 21 17144 | 1603.5 Winnipegosis
+EH 4— Amount Added s FEEN does NOT have
CULnMin 2B L2949 € Initial Final £ ITLus | 1086 a Maintenance
+UE£3?|§|. Jouin=12  Amount L 153s | fadsE Level because
FaMif Bz 21 7 17142 | 1962.5 there is no
nin n=23 migration of fish
\ \ out of that lake.
Initial Final  35% Increase Maintenance Level at 171 fish
Amount with Previous in Lake Winnipeg in 23 years.
Amount
6-2 Assignment: pg. 270 - 273 #1 to 9
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6-3: Introduction to Fractals

Fractals: - geometric figures that can be generated by REPEATING the same process many times.

Self-Similarity Fractals: - where a Part of a fractal is Geometrically Similar to the Whole Fractal.
- this can be applied to simple geometry generations or ZOOMING in and out

of a diagram.

Iteration: - a step where the sequence pattern repeats itself.

Many natural phenomena that may seem random at first actually have a self-repeating pattern. We can
model these patterns using fractals. The following are some beginning iterations and their many iterations
after.

-

(e) (f)
Beginning with the map of United States. The action of “zooming

in” results in the last image, which depicts area off Chesapeake
Bay, Maryland.
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560 S&F 500 - 1 Year g0 S&P 500 - 5 Fears 550 S4F 500- 10 Years |
A 500 r'll
540 ] 550 i
.|""'|J JJ’ asa ,..""ﬂ‘..n-mi’l
520 //I."' ] 500 !Jr M"k
500 .f\-'wl 45 'J"'-‘M‘W'NI‘ - 4 (W»J
/ . 4 - i)
a0 flr-ﬂ""" W)MJ o ﬁfﬁ'l V.Jf !
M~ a E ( W
wl A Nt 0 W = e L‘
v |A'-F|' 300 a0
T s 98 52 T = —am T8z a8 T a5 90 e TaeA 7850 1882 E)
(a) () (c)

The S&P 500 Index at different time scales: (a) 1 year, (b) 5 years, and (c¢) 10 years.

Fractal Generated Cloud

Copyrighted by Gabriel Tang B.Ed., B.Sc.

Broccoli, a Natural Fractal

Lightnin, Nature’s Powerful Fractal
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The Mandelbrot Set: Moving from top left to bottom right, each successive diagram illustrates the
last image by zooming in a particular area.

l |5 AT
i/,
R
,f"x : o
': B o ’ ?""— .
o {',’ ar -‘.".”‘-_gr.r‘
'.5’ & ':a; r
e A -
. . Ve
= o Wi i
r 4 ’& 4
V A ¢
7 / s i
&
’ .
Ay
1w g
& :
c_) - Py,
e P
gy A
F R . L
- ; -
/ Yo
- i ¥
A yIr d,’ j ! o s ]
- py W ~ * ",.-’/jr;:,' o i "”?’Aﬂ’-
v e - P, : AR 0 et AL ik
: o d # - i o TP 4‘{-: 0

Maps showing the Coastlines of the British Isle and the English Channel. The first map (top left
corner) is an approximation (original diagram). As the fractal iterations are being generated (moving
from top left to bottom right), the coastlines appear more and more detail.
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Example 1: Draw the next two iterations of the following fractals and indicate their dimensions.

a. Simple Tree Fractal

Original Iteration 1

(6 cm) (6 cm, 3 cm) Iteration 2

(6 cm, 3 cm, 1.5 cm)

A4 N

AV
/\

Iteration 3 Iteration 4
(6 cm, 3 cm, 1.5 cm, 0.75 cm) (6 cm, 3 cm, 1.5 cm, 0.75 cm, 0.375 c¢cm)

Copyrighted by Gabriel Tang B.Ed., B.Sc. Page 171.




Unit 7: Patterns Applied Math 30

b. Koch Snowflake

Original (s =6 cm) Iteration 1 (s=2cm)

. 2
Iteration2 (s= — cm) Iteration 3 (s= 2 cm)
3 9
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c. Sierpinski Gasket

Original (s =6 cm) Iteration 1 (s =3 cm)

A

Aa,
Aada
A,

Iteration 2 (s=1.5cm) Iteration 3 (s=0.75cm)

6-3 Assignment: 6-3 Worksheet: Drawing Fractals
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6-3 Worksheet: Drawing Fractals

1. Draw the next two iterations of each of the following fractal. Label their dimensions

a. Hat Fractal

Original (s =9 cm) Iteration 1 (s =3 cm)

b. Four Circles Fractal

Original (r=4 cm) Iteration 1 (r =2 cm)

c. Crosses

Original (s=4 cm) Iteration 1 (s =2 cm)
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Answers

1a. Hat Fractals

Iteration2 (s =1cm)

1b. Four-Circles Fractals

Iteration2 (r =1 cm) Iteration 3 (r =0.5 cm )

1b. Crosses

1 e

. + +

- -1 +— +—1—+
| | 1 1.

- - A —

| | S | |

| | T_I_ _I_ -
-1 +—1—+
+
Iteration2 (s =1cm) Iteration3 (s =0.5cm)
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6-4: Some Properties of Fractals

After a few iterations from the original, we can determine the pattern of the fractals. Thereby, predicting
the properties of the new iterations.

Example 1: Using the tree fractal underneath, fill out the table below.

N

Iteration 2

Original Iteration 1
Nm]ISlll');ll;c(;lfeI:ew Nelvf l]13grt:n(;{1t(hc(:n) TOt:ldl(\lIE(Vlv (IchilI;gth Total Length (cm)
Original 1 4 4 4
Iteration 1 2 2 4 8
Iteration 2 4 1 4 12
Iteration 3 8 0.5 4 16

a. Write a sequence that will relate the total
length of the fractals at any iterations (n).

b. Find the total length at iteration 20.

LI 2E D
(34

The total lengths form an arithmetic sequence
starting at a = 4 cm with a common difference,
d=4cm.

__Original Iteration

Flakl F"I-:-tiﬂ,}/
EIEI:,]-:,?EE Cn—11+d4 € Common Difference The total length at

uCnMin BLd (d=4cm) Iteration 20 is 84 cm.
QTS T ‘k\\\
SwinMing=
H E gﬁ;n V= Original Total Length

(a=4cm)

Page 176. Copyrighted by Gabriel Tang B.Ed., B.Sc.




Applied Math 30 Unit 7: Patterns

Example 2: Using the fractal underneath, fill out the table below.

Original Iteration 1 Iteration 2
Number of Length of each Area of each Shaded | Total Shaded Area
Shaded Squares | Shaded Square (cm) Square (cm?) (em?)
4
.. 4
Original w / 1 6 36 \ L9 36 \ 9
Iteration 1 1 4 2 4 > 16 >
/ \ A\ 4
+9 X —
x4 Q 2 4 } 64 )» %
Iteration 2 16 3 = 0.66... 9 =0.44... ry =7.11.0
, >+ 9 > % g
x 4
Iteration 3 £64 2_ 0.22... 4 0.04938272... 256 _ 3.1604938...
9 81 9
a. Write a sequence that will relate the total b. Find the total shaded area at iteration 10.

shaded area of the fractals at any iterations (n). __

: W16
The total shaded area forms a geometric sequence. TA1E2762312) The tota-l lengtl.l
.4 at Iteration 10 is
Common Rath, r= ; 0.0108 cm2.
r= % =044...= g r= % =044.. = g c. What is the limit of the total shaded area?

) As the diagrams above would indicate, the
Original ~Common Ratio Verifv with TABLE total shaded area will become smaller and
Iteration 4 smaller until it is close to 0 cm®.
\ / r=3) NN GRAPH

d. What is the limit of the total non-shaded area?

Floki EEIEJ Flokz o Ty

nMin= | =G On the other hand, the
~U G B Ay in—10 % %E:I.:I.:I.:I. total non-shaded area

: x . 1B0E will become bigger and -

E E Emih PRS0 E 15232? bigger until it is close to 6-4 Assignment

utaMipa= B .E7THE 36 cm’ (the shaded area pg. 289 — 291
“WLR A= Original Total |[m=H in the original diagram). #1 to 4

Shaded Area
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