Exponents and Radicals Pure Math 10 Notes

Unit 6: Exponents and Radicals

1-1: The Real Number System

Natural Numbers (N): - counting numbers. {1,2,3,4,5, ...}
Whole Numbers (W): - counting numbers with 0. {0, 1,2,3,4,5, ...}

Integers (I): - positive and negative whole numbers. {...,-5,-4,-3,-2,-1,0,1,2,3,4,5, ...}

Rational Numbers (Q): - numbers that can be turned into a fraction %, where a, b € I, and b = 0.

- include all Terminating or Repeating Decimals.
- include all Natural Numbers, Whole Numbers and Integers.
- include any perfect roots (radicals).

a) Terminating Decimals: — decimals that stops 0.25= 1 -0.7= =7
4 10
b) Repeating Decimals: — decimals that repeats in a pattern and goes on. 0.3... = 1 ~17= _716

¢) Perfect Roots: - radicals when evaluated will result in either Terminating or repeating decimals, or

fractions %, where a, b € I, and b # 0.

v0.16 =+0.4 v0.111...=x03...=%

W | —

1/L =il 1/0.008 =0.2
25 5

Irrational Numbers (é ): - numbers that CANNOT be turned into a fraction %, where a, b € I, and b # 0.

- include all non-terminating, non-repeating decimals.
- include any non-perfect roots (radicals).

a) Non-terminating, Non-repeating Decimals: - decimals that do not repeat but go on and on.

n=3.141592654... 0.123 123 312333 123 333 ...
b) Non-Perfect Roots: radicals when evaluated will result in Non-Terminating, Non-Repeating decimals.
5 =+2.236067977... 70.52 =40.7211102551...
\/% =10.4082482905... V—0.38 =-0.7243156443...

Real Numbers (R): - any numbers that can be put on a number line.
- include all natural numbers, whole numbers, integers, rational and irrational numbers.

Absolute Value |x|: - the positive value of x. |-5|=5 13]=3
|4(—6) +8| = |-16| =16 |71 -1-1|=7-1=6

Page 96. Copyrighted by Gabriel Tang, B.Ed., BSc.



Pure Math 10 Notes Exponents and Radicals

In general, we can display the relationships between all types of real numbers in a diagram.

Real Numbers (R)
E 0
a) All Natural Numbers belong to the set of Whole Number. NeW
b) All Natural and Whole Numbers belong to the set of Integers. Nand We I

c) All Natural, Whole Numbers and Integers belong to the set of Rational Numbers. N, Wand I € Q
d) Rational Numbers and Irrational Numbers do NOT belong to each other. (You can have both types

at the same time). 0¢ 0
e) All Natural, Whole Numbers, Integers, Rational and Irrational Numbers belong to the set of Real
Numbers. N, W, 1,0 and Q €R

Example 1: Classify the following numbers.

a. -15 b. 75 c. -3524 d.  -78.1212...
7,0 and R N, W, 1,0 and R
-6 9
e. 42 £ 1.459 142337 ... A R
85 4
. . 1
i) /0.225 j) Vo4 k) -7 -5 1) |——|

N, W, I, 0 and R —7-5=2 :%
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Inequalities

Symbols Meanings
> Greater than
< Less than
> Greater than or equal to
< Less than or equal to
#* NOT Equal to

blower <x< bupper

blower <x< bupper

x is between the lower and upper boundaries (inclusive).
x is between the lower and upper boundaries (exclusive).

X < biower and x = bypper

x is less than the lower boundary and x is greater than the upper boundary (inclusive).

x < blower and x > bupper

x is less than the lower boundary and x is greater than the upper boundary (exclusive).

Example 2: Graph the following inequalities.

a) n>—4 b) x>-1
d. h o a -
oIt reT T T T . Tt
-6 -5-4-3-2-10 12 3 4 5 6 -6 54 -3-2-10 12 3 4 5 6
C) y<lL1.5 d) m<m
1.5 T
D R I R T T T YTT T T T T T T @ T T
-6 -5-4-3-2-10 12 3 4 5 6 -6 54 -3-2-10 12 3 4 5 6
e) -2<r<3 f) —4<w<l1
d | - dl h |-
- I [ . ’ 7 = 7 1T INT T T . 1T T "
—6 -5 —4 -3 =2 —1 2 3 4 5 6 -6 54 -3-2-10 12 3 4 5 6
g) x>2andx <0 h) t#-1
<< . PP O »
R I I I . S D e R A N e R R R N
-6 -5-4-3-2-10 12 3 4 5 6 -6 54 -3-2-10 12 3 4 5 6
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(AP) Example 3: Graph the following inequalities.

) yiLs by -24r43
Sameasy>15 1.5 Sameasr;\—Zandr>3 A
T IQ 1 YT T ITYTrIr1IvYrr o
—6—5—4—32— | 5 6 -6 -5-4-3-2-10 12 3 4 5 6
C xp2 and x40
) % SZ Same as 0 <r <2
D I . 1 >
-6 -5 -4 -3 —2 —1 4 5
Example 4: Convert the following decimals to fractions algebraically.
a) 0.555... b) 1.323232 ...
Let x=0.555... (To cancel out the repeating Let x=1.3232... (Move the decimal 2
10x =5.555... decimals, we have to move 100x = 132.3232... places to the right will
the decimal 1 place to the line up the repeating
10x =5.555 ... right, which means x10) 100x = 132.3232 ... decimals)
— x=0.555... -  x= 1.3232...
c) —0.264 264 264 ... d) —3.4353535 ...
Let x=0264264 First, ignore the Let x=3.43535... First, ignore the
1000x = 264.264 264 hegative sign. 10x =34.3535...  negative sign.
(Move the decimal 3 1000x = 3435.3535 ... (Move the decimal 1
1000x = 264.264 264 .. places to the right will place to the right will
_ Y= 0264264 line up the repeating 1000x = 3435.3535 ... make the repeating
999 = 26 4 " decimals) — 10x=_34.3535 ... decimals appear right
264 990x = 3401 after the decimal point.)
3401
999 =—
333 333 -
990

Put the negative sign back! L.
Put the negative sign back!

1-1 Homework Assignments

Regular: pg. 8to 9 #1 to 55, 57, 58, 61, 63, 65 and 66

AP: pg. 8t0 9 #1 to 55,57 to 59, 61 to 63, 65 and 66
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1-3: Evaluating Irrational Numbers

i - i index
Radicals: - the result of a number after a root operation. — d— \ radical

. . . sign
Radical Sign: - the mathematical symbol / . \ N
radicand

Radicand: - the number inside a radical sign.

Index: - the small number to the left of the radical sign indicating how many times a number (answer to the
radical) has to multiply itself to equal to the radicand.

\/_ square root 3\/_ cube root ‘{/_ fourth root i/_ fifth root

To call up the cube root 3/ or g HUM CP® FEE| _Choose Option 4

= FEFac = for cube root
MATH |EEiqu==
higher root functions 3/ , press S — Choose Option 5 for
A . i} / higher root. But be sure

H : to enter the number for
%lFH;QE the index first!

Example 1: Evaluate the followings.

a. V25 b. i—64 c. 46 d. /243

® 0 ® 0

57 =(5)(5) =25 (—4)’ = (-4)(-4)(-4) 2= (2)(2)(2)(2) 3)’=(3)(3)(3)(3)3)
(=5)* = (=5)(-5) =25 = _64 =16 =243
(-2)" = (-2)(=2)(-2)(-2)
=16

A radical with an even index always has two answers (£), and can only have a
radicand greater than or equal to 0 inside a radical sign.

A radical with an odd index always has one answer only and can have a
negative radicand inside the radical sign.

Example 2: A formula vf2 = v + 2ad can be used to find the final velocity (speed) of an accelerated object,
where v, = final velocity, v; = initial velocity, a = acceleration, and d = distance travelled. An
apple is thrown from the tall building 300 m high with an initial velocity of 6 m/s. The
acceleration due to gravity is 9.81 m/s>. What is the final velocity of the apple as it reaches the

d?
groun Solve for vy

yr=? vii=vi+2ad = [(6)® +2(9.81)300)

v;=6m/s ‘
Joliivenis v, =} +2ad v, =~36+5886
a=9.8 m/s’

v, =+/5992
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Estimating Square Roots

1. Estimating Square Roots GREATER than 1:
a. Group the radicand by two digits starting directly to the LEFT of the decimal place. The digit 0

may be added to the beginning of the radicand if there are an odd number of digits.
b. Estimate each group of two digits by finding the square root of the nearest lower square number.

2. Estimating Square Roots LESS than 1:
a. Group the radicand by two digits starting directly to the RIGHT of the decimal place. The digit 0

may be added to the end of the radicand if there are an odd number of digits.
b. Estimate each group of two digits by finding the square root of the nearest lower square number.

Example 3: Estimate. Then, find the approximated value to the fifth decimal place using a calculator with
only positive roots.

a. J5226 b. /8435 c. +0.156 d. 4/0.000285
J52 26 08 43.5 Jo. 15 60 J0. 00 02 85
VB [ va| Jv36 N J0 /i /81
75:@ 26 z 0.37z 0.0 19 z
Tio2260 TiE43.57 TiE. 1560 T(0, BEEZE5 )
5. 29187829 5. B430T 146 T 3949583532 L E16831943

Actual - (7229108 Actual > (29.0430 Actual - (0.39497 Actual —> (0.01688

Example 4: Evaluate by estimating, then, find the approximated value to the fifth decimal place using a
calculator with only positive roots.
V82

7 —
~+/36 -3/16 ~ 54/81x+/36
~6-3(4) ~5(9)x6 N V81
~6-12 ~ 45%6 Vo4 — 49
9
N N 8-40) T8 T (rBI—aTT
9 16733
~— -2. 114583958
TR ey ST Ed T Lm0 -
"6, 63467 TaE2 289, 85375349

Actual - (=6.63408 Actual - (*289.82753
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Example 5: Evaluate the followings using only positive roots.

a. J36-25 b. V36 =25 c. V36%25 d.  36x+25
=J11 =6-5 = /900 =6x5

Q

" i "®

Ja+b =a+b Jaxb =+ax+b
Ja—b#a-b Ja+b=+Ja++b

Example 6: Evaluate the followings using only positive roots. Verify by using a calculator.

a.  -64+2327 b.  81-7416
=5(-4)F20) [EEI-E43+EET(Er 0 =3-7(2) [EFEL 74 °T1ED
=-20+6 L =3-14 41

' SD

Example 7: Evaluate the followings using only positive roots. Verify by using a calculator.

o
5
[\
()]

b. 0.025

A+ 6
- JWe2s TCT(EZS ) - _ /(—)m TCr(B, 82560 )
= ,(0.16)

J(25) _

©

1-3 Homework Assignments

Regular: pg. 14 to 16 #3 to 13 (odd), 14 to 27 (no estimates), 29 to 45, 47 to 52, 54a, 56a and 56b

AP: pg. 14to 16 #2 to 12 (even), 14 to 27 (no estimates), 29 to 45, 47 to 54a, 56a and 56b
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Exponents and Radicals

1-4: Simplifying Radicals

\/;xf wherea>0and b >0
\/7 \/7 wherea >0and b >0

Entire Radicals: - radicals that have no coefficient in front of them.

Examples: V52 and V48

Mixed Radicals: - radicals that have coefficients in front of them.
- the coefficient is the square root of the perfect square factor of the radicand.

Examples: 2\/§ and 4\/5

To convert an entire radical to a mixed radical, find the largest perfect square factor of the
radicand and write its root as a coefficient of the remaining radicand factor.

Example 1: Simplify the followings. (Convert them to mixed radicals)
a. V50 b. V80 C. vi68 125
J6 9
:»\[25)(2 :\)16X5
68 V125
25x4/2 16 x+/5 =\ 5

p—
(@)}

6

_ /35 _
V28 _
) i T

Il
N [\
X
N
D
X
S

To convert a mixed radical to an entire radical, square the coefficient and multiply it to the radicand

Example 2: Write the followings as entire radicals.

a. 58 b. 3.7 c. ENG

3
=25x+/8 =\9x7 _ A5 A

25 % Ox7
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Example 3: Order 92 , 5\/5 , and 4x/ﬁ from least to greatest.

942 =/81x2 =+/162 V75 <162 <208
543 =4/25x3 =475
413 =/16x13 =~/208
Example 4: Simplify.
a.  123x5V6 b (8v12)3v3)
—12x5x+/3x+/6 = 8x3x+/12 x+/8
= 604/18 = 24+/96
= 60/9 x~/2 = 24./16 x+/6

Rationalization: - turning radical denominator into a natural number denominator by multiplying a fraction
of the radical over itself.

Va _a
b b

Example 5: Simplify.

. 3 b A5 ENE Wi 5

' 3 J6 45 " a5 A5
_8 _ 45 V6 315 _ WS
3 J6 e T 4\s T 4x5
B B 430 _3/3 OR _375_3V25x3
BRG] - 4 20 20

1543
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Exponents and Radicals

Example 6: Simplify.

a. /48

Need to find a perfect cube
factor of the radicand.

=3/8x6

3
b V=250 .. M08
4
We can have a negative
perfect cube factor. _,|768 _ /192
=3/-125%2 4
=3/64x3

—3/—125x32

Example 7: Write the followings as entire radicals.

2
a. 45 b. -5Y6 c. E%@
We need to cube the _3 (_ 5)3 <6
coefficient and multiply it
=3/-125%6

into the radicand.

3
3(2) x10
V 3
#jixlo
27

(AP) Example 8: Simplify.

d. V48

Need to find a perfect
fourth factor of the
radicand.

=416x3
:416xﬂ§
d 348
We need to take the

coefficient to the fourth
power and multiply it into
the radicand.

7 2414 33/98
a. 3— b.
6 /9 53
7 336 Wehaveto 23\/ﬁ>< 81 231134 3{@)< 9
=T =X7=— multiply the = = = Y
3 3 3 3 3 3
6 336 cube root of o 81 % S
the square of _2A27x42  6V42 3882 33882 3Y882
the radicand B 9 9 327 5x3 15
to form a
perfect cube.
/882
5
(AP) Example 9: Solve for x.
BT X 5;/7 4 1-4 Homework Assignments
* Regular: pg.19 to 20 #1 to 23 (odd),
7 SV _ 25 to0 33, 34 to 44 (even), 46 to 55, 59
e 265 A 19 to 20 #2 to 24 (even), 2
P: pg.19to to even), 25
:Lxﬁ _5VT 3 to 33, 35 to 45 (odd), 46 to 63
V6 6 83 3

Copyrighted by Gabriel Tang, B.Ed., B.Sc.
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1-5: Operations with Radicals

Adding and Subtracting Radicals:
Convert any entire radicals into mixed radicals first. Then, combine like terms (radicals with the same
radicand) by adding or subtracting their coefficients.

Example 1: Simplify the followings.

a. V32 =108 ++/27 =+/50 b. ~3312+ 2420 —/75 + 345
42 -6\3+33-52 =343 )+ 2(245)-543 +3(345)
=42 -5\2-6:3+34/3 = 63 +44/5-5\3 +945

Multiplying Radicals:

When multiplying two mixed radicals, multiply the coefficients first, and then multiply the radicands.
Simplify each term afterwards if necessary.

Example 2: Simplify the followings.

a. 5v2(243++8) b 2J150V5-743) ¢ (W2+5)3v2-445)
AT e ~~ N\
= 5v2(2/3++3) — 2V15(90¥5 - 743) = (V2 +5)3v2 - 445)
=106 + 516 =18+/75 —144/45 A7
=106 +5(4) ~18(543)-14(3+5) =344 - 4J10+3410 - 425

=3(2)-+10-4(5)

i ([4/6-243)76+543) e. (43-342)
— N — N S\
= (46 243746 + 543 — (4v3 =342 a3 - 342)
XA __ 7 A7
=28+/36 +20./18 —14+/18 =109 =169 —124/6 —124/6 + 944
= 28(6)+6+/18 —10(3) =16(3)—244/6 +9(2)

~168+6(34/2 )30 182 +138)  —48-24./6 +18 ~ 2446 + 66
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Conjugates: - binomials that have the exact same terms by opposite signs in between.
Example: (a+b)and (a — b) (a b+cd ) and (a b—cd )

Multiplying Conjugate Radicals:
The result of multiplying conjugate radicals is ALWAYS a Rational Number (the radical terms will always
cancel out).

Example 3: Simplify the followings.

2. (V5+3v6)V5-3v6) b (4/7-5V3) 47 +543)
— N\ — N S\
= (V5 +36 |5 -36) = (447 =543 )47 +543)
~~2 _~7 ~~ 7
= /25 —34/30 + 3430 —94/36 = 164/49 + 20321 — 20121 - 2519 N‘,’(tiisle tthe
=5-9(6) =16(7)-25(3) :Iel:'msealvv:gys

=5-54 =112-75 @ cancel out!

Rationalizing Binomial Radical Denominators:
Multiply the radical expressions by a fraction consist of the conjugate of the denominator over itself

Example 4: Simplify the followings.

32 b 2346
J5+247 - 3I5-52
3B (B-24A) _fi-v6) fiSes4a)
“Be2d7) (V5-247) T BVs-5v2) V5 +5v2)
_3J10-6v14 ~ 6V45+104/6 -3490 - 5V12
V25— 449 - 94225 - 254
_ 3106414 _ 6(3v5)+10v6 - 3(3v10)-5(243)
5-28 - 9(15)-25(2)
_3J10-6v14 18Y5+10V6 —9v10-10v3 (185 +104/6 — 910 — 1043
-23 - 135-50 85

Example 5: A rectangle has a perimeter of /160 + J72 and its width is +/10 —+/8 . What is the length of

this rectangle?
e (- W10+6v2) (55 5 )
P=2(l+w) :
w=v10-8 | P=+160+72 L
~(V10-2v2) | =(av10+642) ?

Subtracting a

] = (Qm + 3\/5)— (\/m = 2\/5) bracket!

[ =210 +342 =10 +2+/2  Switch signs in the

second bracket!
P w=l
2 length =10 +5+/2
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Example 6: Find the volume of a cylinder that has a radius of 5424 243, and its height is 445

V=mr’h
r=(sv24-2.3) v = nfsv24 - 243 (445)
v = {445 5324 - 243 5324 - 243)
= (45 J25(24)- 10472 ~ 10§72 + 403))
— (44560020472 +12)

= {45 J612—20(6+2)
— nf4v5 612-120+2)
— (24485 - 480410 @ 2448745 — 4807410

Example 7: A parallelogram has an area of 443 +4/7 . Calculate the measure of its height if the base is

»
>

35 -42. b
?A=(4\/§+\/7) h=§= :ﬁij—z
h h_(4\/§+\/7)x(3\/§+\/§)
v - Bv5-+2) 3V5++2)
L 1NI5+a6+335 4414 (,  12J15+4V6+3V35 4414
b=(35-2) - 9(5)-2 eignt = e
Example 8: Simplify.
a. 128316 +1/250 b. 2324 -73/81+33/648
=3/64%x2 -3/8x2 +3/125x2 =24/8x3 —73/27x3 +33/216x3
=432 -232+532 = 2(2%/5)— 7(33\/5)+ 3(63\/5)

@ =43-2133+1843

(AP)c.  ([4+57 f63/32 - 23147

= 63/128 —23/588 +303/224 —103/1029 1-5 Homework Assignments
— 3 3 3 3
= 6(a3/2) - 23/588 +30(23/28 )~ 10(73/3) Regular: pg.23 to 24 #1 to 41 (odd), 43 to 60, 64 to 68, 70a
AP: pg.23 to 24 #2 to 4 4
243/2 — 23/588 + 6028 — 7043 pg.23 to 24 #2 to 40 (even), 43 to 60, 63 to 70
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1-7: Reviewing the Exponent Laws

exponent
ms————

power a 4—— base

Exponential Laws

(a")

__ _m-n
(aI’H)(al’l) — am +n (—)an =Ad (aI’H)}’l — amn aO — 1
4" = 1 a)’  a”
-_ - m __ mim —_— _ —_—
a” (ab)"=a"b b b
Example 1: Simplify. Express all answers in positive exponents only.
9a°h"°
a. T dN-6 D b. T 15,4 C 3xy%)
(7" d)~6c"d) EYPEY (32
_ 408 g4 _ 1g° 5 plo-* _ (3)3 <x5x3 Xy2x3)
—4

z_a—1ob6 X
4 4a'"°

(5x3y2)3 (3x5y9)2 [_5p4q3 )2
‘ ¢ 1

e. @m'*ny Cm’n’)* 7 3
(-6x7y) 4p7q
(125x9ysx9x10y18) (64m12n—21) Wh‘en . 4p7g 5
= (1296x28y12 ) = W reciprocating — ﬁ
mn an entire -5pq
9+10-28 . 8+18-12 bracket, do 4
_ 1125x y B 64m21"  NOT s _ 16p714g8
1296 " 16m'2n2®  withits 25p%¢°
B 125x 7 y' _ 4m12_12n_21_20c0ntent. 16p 4 (Mg =6-9)
144 - 75
-41
_4(1)72 % _16p—6q—12 16
125" 25 25p5¢">
144x°
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37 —(-3) ) (con2k® )—s
g (—3)‘3+(—;)4 I N N =T )
. iy _ (On k)
e e [ Core T ]
-1y :;1 " (2186 _ 1410k 2
(3] +(—3)4 +81 [27] (_216h76k9X81h716k—8)
_(—26) (2186 J10-(=6)-(-16) . 2-9~(-8)
(2 ot

Example 2: In astronomy, one light year is the distance light can travel in one year. Light has a constant
speed of 3 x 10° km/s in the vacuum of space.
a. Calculate the distance of one light year.
b. The closest star to the Sun, Alpha Centuri, is 3.78 x 10" km. How many light years is it to our sun?

a. One Light Year 3.78x10" km
" 9.4608x 10 km / yr

= (3 x 10° km/s)(365 days/yr)(24 hr/day)(60 min/hr)(60 s/min)

EE [SEC#SEo#Z4%EO+E0 PPN k@ 3. TOELS-F. 4GHEEL
- . 9. 408512 3. 99543379
Example 3: Solve for x.
e () =656 b X (AP) . _;x 5_3 ~ 96
x® =6561 7 _ o4 5 (s) 3
e % g == X = —96(_—2j
xS =-1024 x? =144
q x =+/144

(AP) Example 4: Simplify.

(asz y+1)3

a. (=3 (3" b. PEEE 1-7 Homework Assignments
=(-3)"(-3)"" 46533 Regular: pg.33 #2 to 48 (even), 50 to

3 (_ 3 dm+(m+4) = W 82, 84, 85a, 85b, 86
@ — 63 Gx)p Br+3)y AP: pg.33 #1 to 49 (odd), 50 to 87
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1-8: Rational Exponents

m The index of the radical is
— n " the denominator of the
a = aq fractional exponent.

Example 1: Evaluate.

NS b, (—64); c. (16)2 d. (—216)}1
:_@ =3/—64 ~J16° R

o
|
[\
|
N——"
[FSHN
=
/N
I
IS
N~
v |
oQ
B
W

64 |

=3/(-27)* 2 _42

=2 _( 64 )3 364’ =4°
=3/531441 1) "oy (ljz 1
_ /4096 g 4’

729 _ 1

Je4

Example 2: Evaluate using a calculator.
2

32 3 -27)3
a. (_3) b. 123 c. (T]
‘ -3:'“%32634?353? 12“t45§}4?314182 L e
' ) «ddddd444444
A= kFrac
4.9
Example 3: Write the followings using exponents.
. Ax b, v2a’ c. 9y d. 1
3.2
1 R (4 rr
—(2a3)2 —(9y12)2=92y2 ( ——\s
= 4 X y )
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Example 4: Evaluate, if possible.

. k) o (5] . [WE ]

_[ 75| 75 2,5

Example 5: Write the following expressions using exponents.
-1

2 -3\g4 —
. 4256 [27a5b2]4 - W) (4 x7y5)3

L 1 -3 2
1 | 5 1 120 51

=[(256x9) T = (256x° )s 27a5b23j4

19
=256% x*® _ 1
o 1 1 -3

N —

274ah
(AP) Example 6: Solve for x.
|
3" =243 577 =125 277 =—
a. b. C. 128
3x — 35 52x+7 :53 23x_5 :L
2x+7=3 2’

:::: 2x=3-7 3x=5=-7
2x:_4 3x=—7+5

1-8 Homework Assignments

Regular: pg.37 to 38 #1 to 67 (odd), 69 to 83, 84 to 89 (no estimates), 90, 91

AP: pg.37 to 38 #2 to 68 (even), 69 to 83, 84 to 89 (no estimates), 90 to 92
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